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1 Introduction
The first part of this introduction provides a non-technical overview of the research
area in which the results in this report are located. From Section 1.1 and onward a
background in theoretical computer science is recommended for the reader. A Danish
introduction can be found at the end of the report.
In the research area of theoretical computer science two important disciplines are computational theory and complexity theory. Computational theory is the oldest of the two
disciplines and is the study of which problems that can be solved by using a computer simple examples of such problems include tasks like sorting your address book, converting from kilometers to miles, computing your average monthly expenses and finding the
shortest route from Skagen to Copenhagen. It may seem surprising that this research
area is almost 100 years old, given that the machines we today refer to as “computers” did not exist back then. Nevertheless, a historical contribution to this research
area was by the English mathematician and philosopher Alan Turing in a paper all the
way back from 1936 [80]. Back then a “computer” was a person whose job was to do
long and tedious calculations by hand, since they had no pocket calculators to do it for
them. Inspired by what these “computers” did Turing invented the theoretical concept
of “computing machines” and gave a description of how such computing machines works.
And not only did he come up with a description of what computing machines are, he
also managed to prove that there exist important problems in the area of theoretical
computer science which these machines will never be able to solve! It may seem odd
why a theoretical concept (that was even known to have some limitations) from 1936 is
important, but what is so remarkable about Turing’s computing machines is how accurately they describe what modern computers are capable of computing. Despite the fact
that modern computers rapidly become faster, get more memory and better graphics,
Turing’s description of computing machines still captures the essence of what modern
computers are capable of computing - and modern computers are still bounded by the
limits that Turing showed all the way back in 1936!
Related to the research area of computational theory is complexity theory, a discipline
that dates back only a few decades. Here one focuses solely on the problems which indeed
can be solved on a computer. However, it turns out that just because some problem can
be solved by using a computer in theory, it does not necessarily mean that the problem
can be solved by using a computer in practice. Consider the (both illegal and immoral but please ignore that for a moment) task of breaking into someones email account - this
is “just” a matter of guessing the correct password. You could use a computer to try
every possible password until it eventually finds the right one, so in theory a computer
could solve that problem for you. But in practice a well chosen password will not be
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found in your lifetime because of the astronomical number of different passwords to try,
so it seems exaggerated to claim that this problem can be solved on a computer. Many
interesting problems in real life and theoretical computer science have the unfortunate
property that it apparently takes so long time to solve them, that we cannot expect
to obtain the best possible (sometimes the only possible) solution within a reasonable
amount of time. And that is what complexity theory is mainly about - figuring out which
problems we can solve exactly in practice (the easy problems), and which we cannot (the
hard problems). Examples of easy problems include the previously mentioned problems:
Sorting various data, converting between metrics, computing average monthly expenses
and finding the shortest route from one city to another. Hard problems include tasks
like planning good timetables for schools, computing the minimum number of trucks
needed to transport a number of crates from one factory to another and computing
the easiest way for a postal worker to empty all mail boxes in Odense before returning
the collected mail to the central post office. The first proof of a problem apparently
being hard to solve was made by Stephen Cook in 1971 [20], and the importance of
this result was emphasized already the following year where it was used to show several
other problems apparently being hard to solve as well [56]. The biggest unanswered
question in theoretical computer science is whether there truly is a difference between
easy problems and hard problems - many researchers believe there is a difference, but
no one have been able to formally prove it yet 1 .
Turing’s description from 1936 of computing machines is what is called a model of
computation - since it is a model of “some device” that can “compute something”.
While Turing’s model of computation certainly is the most important one in the area of
theoretical computer science it is not the only one. Both computer scientists and mathematicians have invented several other models of computation, each of them having a
different focus on what computation is and/or a different focus on which device performs
the computation. But - maybe a bit surprising - also researchers from areas like physics,
biology and chemistry have come up with alternative models of computation. One example of a different model of computation is the quantum computer, which from time to
time appears in the media. Even though no practical usable quantum computer has been
built yet 2 , the theoretical concept of a quantum computer was described already in 1982
by physicist Richard Feynman [38]. Two other examples of models of computation come
from the branch of mathematics called algebra. One of these models of computation was
developed by mathematicians Lenore Blum, Michael Shub and Steve Smale in 1989 [10],
and is referred to as the BSS model of computation. Their motivation for introducing
a new model of computation was that Turing’s computing machines fundamentally are
an inadequate tool for analyzing certain aspects of many mathematical problems. The
other model of computation was developed in 1979 by mathematician Leslie Valiant,
and is now known as Valiant’s model of computation [81]. Valiant’s motivation for introducing a new model of computation was also that Turing’s model of computation did
1
2
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1.1 Overview of results and related work
not meet his needs. While both the BSS model of computation and Valiant’s model of
computation are used for studying the complexity of problems that are mathematical by
nature, they do so from very different perspectives. It is important to point out that the
purpose of introducing different models of computation in theoretical computer science
is not to find the “best” model, but to be able to give as precise statements as possible
of research results.
This report is about mathematical problems which we analyze in relation to the BSS
model of computation and to Valiant’s model of computation. We study several mathematical problems, and do this mainly from a complexity theoretical point of view - that
is, our focus is on distinguishing easy mathematical problems from hard mathematical
problems.
However, the classification of a problem as either an easy problem or a hard problem
is a very coarse one, so in this report we will refine this classification and seek to answer
questions of the type “exactly how easy/hard is the problem under consideration?”.

1.1 Overview of results and related work
Before we give an overview of our research results we will first explain where the inspiration for our work came from.
Even though the complexity classes P and NP of decision problems are of utmost
importance, many important problems in computer science and mathematics naturally
appear as optimization problems, computation problems or counting problems. Often
there are close connections between the computational complexity of the decision, optimization, computation and counting versions of a given problem, typically such that if
one of them is hard, then all of them are - but this is not always the case (2SAT is an
excellent example of this - the decision version is in P , but the optimization version is
NP -hard [46]).
A first step in analyzing the computational complexity of a discrete problem is typically to establish whether the decision version of the problem is in P or is NP -hard
(other, but less common, possibilities of course exist). Depending on the type and complexity of the problem, one can then refine the analysis by studying the problem in
relation to other complexity classes. If you are studying an NP -hard counting problem,
then it is natural to investigate for which class of counting problems it is complete.
Similar, if you are studying an NP -hard optimization problem, then it is natural to find
out for which class of optimization problems it is complete.
Such pinpointing of the computational complexity of a given problem is an important
topic for many theoretical computer scientists, and complexity theoretical analysis can
be done with respect to different models of computation, different complexity classes
(there are plenty to choose from 3 ) and different notions of reductions. Which ones to
3
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choose depends on the problem and results under consideration. The overall topic of
this report is complexity theoretical studies of various problems involving real numbers.
Many interesting problems in the discrete complexity class NP O of optimization problems are NP -hard, so we cannot expect to find easily the optimal solution to such optimization problems. Because of this researchers have looked for alternative ways of
attacking such problems. This has led to, among other things, the development of approximation algorithms, randomized algorithms, fixed-parameter tractable algorithms,
heuristics and parallel algorithms. Particularly in the area of approximation many positive as well as negative results have been found. A well known positive approximation
result is Christofides’ 32 -approximation to the Traveling Salesperson problem when the
triangle inequality holds [19]. On the other hand, for the Traveling Salesperson problem
without the triangle inequality even approximating the optimal solution is NP -hard (for
an overview of both positive and negative approximation results we refer to [4]).
Another way of circumventing the NP -hard nature of several decision, optimization
and counting problems is to impose restrictions on problem instances, such that the
problem becomes easy. Such restrictions can be made in many ways and often reflect
the area in which the problem is applied. As an example, many NP -hard problems
involving graphs become easy to solve when the input is a tree (which is of course a
severe restriction). However, in recent years there has been a lot of interest in graphs
that have bounded treewidth (see [13] for a survey paper). Bounded treewidth roughly
means that the graphs under consideration have certain nice tree-like properties (without
necessarily being a tree), which turns out to be sufficient to obtain efficient algorithms
for otherwise NP -hard problems.
A different line of research, which can be studied in relation to both counting problems and optimization problems is descriptive complexity. Descriptive complexity was
first considered in relation to decision problems, in order to study the complexity of
such problems independent of computational models. The computational complexity of
checking for a certain property is one way of measuring the complexity of that property.
A very different way of measuring the complexity of a property is by analyzing how
complicated it is to express the property by logical means, which has lead to the theory
of descriptive complexity, see e.g. [52]. Descriptive complexity has applications in the
areas of, among others, computer aided model checking and database theory.
The concept of optimization problems is important in the discrete setting and is interesting in other settings as well. Historically, continuous optimization has actually
been studied much longer than combinatorial optimization. An important property of
the problems in class NP O is that the search space is finite. If we change our point of
view to problems and solutions which involve real numbers, we suddenly have a search
space which is not only infinite but also uncountable. Many optimization problems involving polynomial systems fall into this category of optimization problems. Polynomial
systems have applications in many areas, like mechanical engineering and computer
graphics, and can naturally appear both as decision problems, counting problems and
optimization problems. A well known optimization problem over the real numbers is
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linear programming, which has been the subject of much research (linear programming
can also be considered as a discrete optimization problem and is an important topic
in the area of discrete optimization as well). The BSS model of computation captures
the notion of uniform algorithms over the real numbers. It gives a proper framework
for complexity considerations of real number decision problems, like (un)decidability of
certain subsets of the real numbers, the P versus NP question over the real numbers
and the notion of complete problems. Decision problems in the BSS model have been
studied a lot but optimization problems are far from studied as extensively as in the
Turing model, so it seems natural to consider that in the BSS model as well.
Valiant’s model of computation is another real number model of computation. In this
model we do not deal with decision problems or optimization problems, but instead we
deal with evaluation problems - which can be viewed as a generalization of counting. The
objects we are interested in evaluating are polynomials over several variables. Valiant’s
complexity classes V P and V NP mirror the classical classes P and NP of respectively
easy and hard problems. Valiant’s view on computation is not completely different from
the view of the BSS model. Indeed, the models provide frameworks for questions similar
in spirit, and there are connections between many complexity theoretical results known
for various real number decision, optimization and evaluation problems, and there are
even connections to discrete problems, see e.g. [17, 45, 59].
In this report we study optimization problems and evaluation problems over the real
numbers. Optimization problems are studied within the BSS model of computation, and
is done using two different approaches - approximation and descriptive complexity. We
develop a framework to formalize which optimization problems we are interested in and
obtain positive as well as negative approximation results. With respect to descriptive
complexity two different looking hierarchies are obtained - one for maximization problems and one for minimization problems. Evaluation problems in this report are studied
within Valiant’s framework. We focus on the class V P of easy problems, and study natural subclasses of this class in order to give alternative characterizations of them. This
work involves studying easy special cases of V NP -complete problems, and is related to
various notions of “width” for graphs (treewidth, pathwidth and cliquewidth), and to
perfect matchings in graphs.
Throughout the report we will assume that PR 6= NPR and V P 6= V NP . The
main goal of our research is not an attempt to prove these conjectures - instead we are
interested in studying alternative approaches to NPR -hard and V NP -hard problems,
since we are assuming they cannot be solved easily in general.
In Section 2 we introduce both the BSS model of computation and Valiant’s model
of computation along with all needed complexity theoretical definitions. In addition we
formally develop a real number variant of the complexity class NP O, denoted NP OR .
This class of optimization problems captures many well known optimization problems
over the real numbers. Sections 3 through 5 are the main parts of this report. Section 3
deals with completeness results for subclasses of NP OR with respect to approximation
preserving reductions. That section includes formal definitions of approximation classes
and approximation preserving reductions over the real numbers. These results were pre-
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sented at the Unconventional Computation 2006 conference in York, England [42]. In
Section 4 we study certain subclasses of NP OR under the descriptive complexity point
of view. That section includes an introduction to descriptive complexity both for the
discrete and the real number setting. These results were presented at the Mathematical
Foundations of Computer Science 2005 conference in Gdansk, Poland [50]. They have
also been published in [43]. Section 5 is about easy special cases of otherwise hard to
evaluate polynomials in Valiant’s model of computation. In that section we include definitions and examples of the various notions of bounded width for graphs. Some of these
results were presented at the International Symposium on Algorithms and Computation
2007 conference in Sendai, Japan [40], and the rest of them will be presented at the International Computer Science Symposium in Russia 2008 conference in Moscow, Russia.
Finally, Section 6 outlines open problems and future research plans.
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2 General Definitions
2.1 The BSS model of computation
This introduction to the BSS model of computation is very brief. For a detailed description we refer to [9].
The BSS model was developed to formalize uniform algorithms over any ring or field,
and it can be viewed as a generalization of the Turing model of computation. One can
use Z2 as the underlying field in which case the model reduces to Turing’s model, but
in this report we will be considering the BSS model over R.
A machine in the BSS model can be viewed as a finite, directed graph with one input
node and one output node. Each node in the graph represents an instruction of the
machine. In addition the machine has a “tape”, which can hold an arbitrary but finite
number of elements from the underlying ring and the machine can read and write the
elements on this tape. The input to the machine is given on this tape and the output
must be produced on this tape as well.
The basic field operations +, −, ∗ and / are valid instructions in the BSS model
(division only allowed when working over a field), and can be performed exactly and at
unit cost. There is a test operation “is xi ≥ 0 ?”, which compares an element on the tape
to the constant 0. This comparison is also exact and has unit cost. Depending on the
result of this comparison the machine will proceed in one of two given directions in the
graph. Assignment of an arbitrary constant (from the underlying ring) to an element on
the tape is also a valid instruction. Instructions to perform computations, comparisons
or assignments of constants, are all working on the first three positions on the tape only,
so in order to utilize the entire tape, the machine maintains two positive integer indices,
namely “copy-from” and “copy-to”. There are instructions to increase any of them by
1, to reset any of them to 1, and to copy the element from (into) the tape with position
currently stored in copy-from (copy-to) into (from) one of the first three positions on
the tape. If the underlying ring or field is unordered (e.g. the complex numbers), then
the test operation is replaced by “is xi = 0 ?”.
∞
S
Input to a BSS machine over R is an element from the set R∞ =
Rn and decision
n=1

problems are subsets L ⊆ R∞ . The size of an element x ∈ Rn is defined to be n and is
denoted by |x|. The notion of decidability and semidecidability from the Turing model
of computation can easily be transferred to the BSS model of computation as well.
There are some important similarities between Turing machines and BSS machines
over R, which are worth mentioning: The description of both types of machines is finite
with respect to the underlying ring. That is, any machine can be described using a finite
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number of elements from the underlying ring. Also, for both computational models there
exists a universal machine, which can simulate all other machines of that model.
A major difference between the Turing model and the BSS model over R is that we,
in the BSS model over R, can use real numbers which are not Turing computable. E.g.
we can encode the characteristic function for the discrete Halting problem into a single
real constant and thus decide the discrete Halting problem on a BSS machine over R.
However, we will not exploit such features in this report - our focus is on studying the
complexity of mathematical problems, not on solving the discrete Halting problem. The
real version of the Halting problem, that is, deciding if a given BSS machine over R will
halt on a given input, is undecidable.
For the rest of this report whenever we refer to the BSS model (a BSS machine) we
implicitly mean the BSS model over R (a BSS machine over R) unless explicitly stated
otherwise.

2.1.1 Complexity classes PR , N PR and DN PR
In this section we define real analogues to the discrete complexity classes P and NP .
Definition 2.1. A decision problem (F, F + ) is in class PR iff there exist a BSS machine
M and a polynomial p such that the following conditions hold:
i) For every x ∈ F , M on input x halts within p(|x|) steps and outputs a value from
the set {0, 1};
ii) for every x ∈ F , M on input x outputs the value 1 iff x ∈ F + .
For the Turing model the complexity class NP can be defined both by using nondeterministic polynomial time Turing machines, and by polynomial time certificate
checkers. These definitions are easily shown to be equivalent. However, for the BSS
model it turns out to be most fruitful to consider polynomial time certificate checkers
when defining a real analogue of NP .
Definition 2.2. A decision problem (F, F + ) is in class NPR iff there exist a BSS machine
M and a polynomial p such that the following conditions hold:
i) For every (x, y) ∈ F × R∞ , M on input (x, y) halts within p(|x|) steps and outputs
a value from the set {0, 1};
ii) if M on input (x, y) outputs the value 1, then x ∈ F + ;
iii) ∀x ∈ F + ∃y ∈ R∞ such that M on input (x, y) outputs the value 1.
In the discrete setting it is clear that all decision problems in NP are decidable. For
any given instance x there is only a finite (but exponential) number of certificates we
have to check in order to decide membership for x. For the real number setting it is not
trivially clear that decision problems in NPR are decidable, since we have an uncountable
number of certificates to check.
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It turns out that all problems in NPR are decidable because there exists an NPR complete problem which is decidable. We will not give formal definitions of polynomial
time reductions over the real numbers and NPR -completeness (it is straight forward
modifications of the notions of Karp-reductions and classical NP -completeness) but
only state a problem which in [28] has been shown to be NPR -complete:
Example 2.3. Feasibility of degree 4 polynomials (4FEAS):
Input: n ∈ N, a degree 4 polynomial with real coefficients in n variables;
Question: Exists x ∈ Rn such that the polynomial evaluates to 0?
This NPR -complete decision problem is decidable due to Tarski [77], who showed how
to eliminate quantifiers in the first order theory of the real numbers.
For some problems in class NPR it is sufficient only to consider certificates from the
set {0, 1}∞ . Even without the above result by Tarski it is clear that such problems in
NPR are decidable, since there is only a finite number of certificates to check in order
to decide membership for a given instance. This subclass of NPR is denoted DNPR
(Digital NPR ) and is formally defined as follows:
Definition 2.4. A decision problem (F, F + ) is in class DNPR iff there exist a BSS
machine M and a polynomial p such that the following conditions hold:
i) For every (x, y) ∈ F × {0, 1}∞ , M on input (x, y) halts within p(|x|) steps and
outputs a value from the set {0, 1};
ii) if M on input (x, y) outputs the value 1, then x ∈ F + ;
iii) ∀x ∈ F + ∃y ∈ {0, 1}∞ such that M on input (x, y) outputs the value 1.

2.1.2 Class N P OR of optimization problems
The problems we deal with in Section 3 and Section 4 are a certain class of optimization
problems over R. In the discrete setting a well known class of optimization problems
is NP O, which consists of combinatorial optimization problems with exponential size
search space. We define similar classes for the real number setting for both maximization
and minimization problems. However, there is more than just one immediate way of
defining the class NP OR . Instances of problems we will be considering are encoded over
R but feasible solutions could be encoded over both R or Z2 depending on the search
space of the problem. Similarly, the measure of a feasible solution could either be a nonnegative real number or a non-negative integer depending on the problem. It turns out
that all four combinations of encodings contain natural problems, so we will investigate
all of them.
In the definition below we use Rs to denote the ring over which feasible solutions are
encoded. In this report we consider Rs ∈ {R, Z2 }. By Rm we denote the set in which
the output of the measure function lies. We consider Rm ∈ {R≥0 , Z∞
2 }.
We are now ready to define real analogues of NP O:
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Definition 2.5. a) An optimization problem P := (I, {Sol(x)}x∈I , m) in the class
Rs ,Rm
is a maximization problem over R that consists of the following parts:
NP OR,max
i) A set I ⊆ R∞ as instances of the problem;
ii) for every x ∈ I a set Sol(x) ⊆ Rs∞ of feasible solutions. For every x ∈ I, for every
y ∈ Sol(x), we require |y| ≤ p(|x|) for a fixed polynomial p;
iii) a function m : {(x, y)|x ∈ I, y ∈ Sol(x)} → Rm . The value m(x, y) is called the
measure of the feasible solution.
In addition, we require the following conditions to hold:
iv) For a given x ∈ R∞ it is decidable in polynomial time in |x| in the BSS model if
x ∈ I;
v) for all x ∈ I and for any arbitrary y ∈ Rs∞ of size at most p(|x|) it is decidable in
polynomial time in |x| in the BSS model if y ∈ Sol(x);
vi) for all x ∈ I and for all y ∈ Sol(x) the measure function m is computable in
polynomial time in |x| in the BSS model.
We are looking for the optimal solution measure m∗ (x) = sup m(x, y).
y∈Sol(x)
Rs ,Rm
b) The class NP OR,min
of minimization problems is defined similarly.
Rs ,Rm
Rs ,Rm
Rs ,Rm
c) NP OR
is the union of classes NP OR,max
and NP OR,min
.

Some remarks are appropriate here.
Remark 2.6. a) In case the measure of feasible solutions is a non-negative real number
we just output a single real number. If the measure of feasible solutions is a non-negative
integer we output the number in binary representation.
b) As in the discrete setting, for certain problems even deciding if the set of feasible
solutions to a given instance is empty can be a difficult task.
c) Since a single real number has algebraic size 1, deciding if an arbitrary real number
is an integer cannot be done in polynomial time in its algebraic size. Thus, if a part of
an instance is required to be integers or rational numbers we need to encode these in
binary representation so we in polynomial time can verify that it is a valid instance.
R,R≥0
d) NP OR,max
is the only class introduced in this report for which we can have
instances with a non-empty set of feasible solutions and m∗ (x) undefined. If Rs = Z2
this follows from the finite search space; and if Rm = Z∞
2 it is a consequence of part
a,vi) of the definition.
Example 2.7. We illustrate the four variants of optimization problems by giving examples of problems in each subclass.

10

2.1 The BSS model of computation
Subclass:

Examples of problems in this subclass:

Z ,Z∞
2

NP OR2

NP ORZ2 ,R

≥0

R,Z∞
2

NP OR

NP ORR,R

≥0

- Binpacking with real weights on the items;
- Given a set of polynomials with real coefficients, find the
maximum number of polynomials that share a root in {0, 1}n .
- Traveling Salesperson with real weights on the edges;
- Subset Sum with real numbers.
- Given a set of polynomials with real coefficients, find the
maximum number of polynomials that share a real root;
- Given an infeasible system of linear equations, find the maximum number of equations that are simultaneuosly satisfiable.
- Minimize the function value of a polynomial;
- Minimize the squared norm of a root of a polynomial;
- Linear/quadratic programming (these problems are known to
≥0
be in class NP ORZ2 ,R as well, see e.g. the textbook [55]).

We easily obtain the following relations between these classes:

Z ,Z∞
NP OR2 2

⊂
⊂

NP ORZ2 ,R

≥0

R,Z∞
2

NP OR

⊂

NP ORR,R

≥0

⊂
Z ,Z∞

≥0

For the subclasses with finite search space, namely NP OR2 2 and NP ORZ2 ,R , it is
clear that some of the discrete results w.r.t. approximation can be transferred to these
classes. E.g. Christofides’ approximation algorithm for Traveling Salesperson when the
triangle inequality holds [19] of course also works for graphs with real weights on the
edges instead of rational weights, as it is the case when working in the discrete setting.
Most results in this report will be for optimization problems with uncountable search
≥0
R,Z∞
space, namely problems in the subclasses NP OR 2 and NP ORR,R .
Z ,Z∞

≥0

R,Z∞

Z2 ,R
2 2
2
, NP OR,max
Definition 2.8. NP OR,max is the union of NP OR,max
and
, NP OR,max
≥0

R,R
NP OR,max
. Similarly for NP OR,min . Finally, NP OR is the union of NP OR,max and
NP OR,min .

Definition 2.9. An optimization problem P in class NP OR is polynomially bounded if
there exists a polynomial p such that for all x ∈ I the value m(x, y) is bounded by p(|x|)
for all feasible solutions y ∈ Sol(x).
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2.1.3 Relation of N P OR to decision problems
Let us shortly justify our definition of NP OR and its subclasses from another point of
view, namely the relation of each class to a corresponding class of decision problems.
In the discrete setting P O is the subset of NP O for which an optimal solution and
its measure can be computed in polynomial time. Here we have that P O = NP O iff
P = NP . Just as we have defined four subclasses of NP OR , we can also define four
subclasses of P OR , depending on which sets we use to encode feasible solutions and their
measure.
We define P ORRs,Rm as a certain subset of NP ORRs,Rm as follows: In order for an
optimization problem in NP ORRs ,Rm to be in the subclass P ORRs,Rm we require that we
in polynomial time can decide for any given instance if the set of feasible solutions
is empty. For each of the four classes NP ORRs ,Rm introduced above we then have the
following additional requirements for membership in the subclass P ORRs,Rm :
Class:

Additional requirements for membership:

Z ,Z∞
2

P OR2

P ORZ2 ,R

≥0

R,Z∞
2

P OR

P ORR,R

≥0

- An optimal solution can be computed in polynomial time.
- An optimal solution can be computed in polynomial time.
- Measure of optimal solution can be computed in polynomial time.
- We can decide in polynomial time if m∗ is defined.
- Given x ∈ R≥0 we can decide in polynomial time if there is a
solution with measure x.
- Given x1 , x2 ∈ R≥0 , x1 < x2 , we can decide in polynomial time if
there is a solution with measure in ]x1 , x2 [.
R,Z∞

≥0

For the classes P OR 2 and P ORR,R we do not require that the optimal solution itself
can be computed. The reason for this is that we then trivially could seperate the class
≥0
≥0
R,Z∞
R,Z∞
NP OR 2 (NP ORR,R ) from the class P OR 2 (P ORR,R ) because it contains problems
for which we cannot compute any feasible solution.
Theorem 2.10. The following properties hold between the classes of optimization problems and the corresponding classes of decision problems:
a) PR = NPR ⇐⇒ P ORR,R

≥0

R,Z∞
2

b) PR = NPR ⇐⇒ P OR

≥0

= NP ORR,R .
R,Z∞
2

= NP OR

c) PR = DNPR ⇐⇒ P ORZ2 ,R

≥0

Z ,Z∞
2

d) PR = DNPR ⇐⇒ P OR2

12

.
≥0

= NP ORZ2 ,R .
Z ,Z∞
2

= NP OR2

.

2.1 The BSS model of computation
Proof. a, b, c, d, ⇐=) The assumption that we in polynomial time can decide if the set
of feasible solutions is empty allows us to decide NPR -complete and DNPR -complete
problems in polynomial time (also see Examples 3.10, 3.12, 3.14 and 3.16 in Section 3).
a, =⇒) The problems of deciding if the set of feasible solutions is empty, if there
exists a feasible solution with measure x, if there exists a feasible solution with measure
in ]x1 , x2 [, are all decision problems in class NPR . By the assumption all of these can then
be decided in polynomial time. For deciding if m∗ (x) is defined, consider the following
decision problem: Does there exist v ∈ R such that for all y ∈ Rn if y ∈ Sol(x), then
m(x, y) ≤ v. This decision problem is in the polynomial hierarchy and by the assumption
it can be decided in polynomial time.
b, =⇒) Since the measure of a feasible solution is numerically bounded by 2p(|x|) we
can use binary search in this range. We check at each step if there exists a feasible
solution with the given, or better, measure. This binary search takes at most p(|x|)
steps and each step takes at most polynomial time by the assumption.
c, =⇒) For the first “bit” in an optimal solution we are looking for, consider the
following decision problem: Does there exist x2 . . . xn such that for all y2 . . . yn the
measure of (1, x2 , . . . , xn ) is at least as good as the measure of (0, y2 , . . . , yn )? If the
answer to this decision problem is “yes” we fix the first bit in the solution to 1, otherwise
to 0. This decision problem is in the polynomial hierarchy with digital quantifiers and
by the assumption it can be decided in polynomial time. We proceed this way for each
of the polynomially many bits in the solution we are computing. The total running time
is polynomial.
d, =⇒) Apply idea from proof of c).
All maximization problems have a minimization counterpart (and vice versa). The
difficulty of computing the optimal measure may depend on whether we consider the
maximization problem or its minimization counterpart. Consider the following maximization problem:
Example 2.11. The MAX DIFFERENT FUNCTION VALUES problem is defined as:
Input: n, m ∈ N, m polynomials of degree 4 with real coefficients in n variables;
Feasible Solution: x ∈ Rn ;
Measure: Number of different function values obtained when evaluating the m polynomials in the point x.
R,Z∞

2
This maximization problem is easily shown to be in class P OR,max
since we in polynomial time can compute how many of the m polynomials are different (that is, at least
one of their coefficients are different). If m∗ ≤ m of the polynomials are different, then
the optimal measure is m∗ since there exists an x ∈ Rn for which all of these m∗ polynomials have different function values. As we shall see in Section 3.4, if we instead want to
minimize the number of different function values obtained, then the problem becomes
hard.
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2.2 Valiant’s model of computation
As mentioned already in Section 1 Valiant’s model of computation was developed for
studying the complexity of certain evaluation problems over any ring or field. The
objects we mainly are interested in studying in this framework are families of polynomial
functions, like the permanent and hamiltonian polynomials. At first glance it may seem
like the BSS model of computation is a good framework for studying the complexity of
evaluating polynomials, since the operations allowed in the BSS model are sufficient in
order to compute the value of a given polynomial in a given point. Also, the class of “easy
to evaluate” polynomials would simply be those we could evaluate in time polynomial
in the size of the input. The determinant of a matrix is an example of a polynomial we
can evaluate in time polynomial in the size of the input by using Gaussian elimination.
However, if we use such an approach to study the complexity of evaluating polynomials
it is not clear how to define the class of “hard to evaluate” polynomials.
Thus, instead of considering BSS machines we consider arithmetic circuits:
Definition 2.12. An arithmetic circuit is a finite, acyclic, directed graph. Vertices have
indegree 0 or 2, where those with indegree 0 are referred to as inputs. A single vertex
must have outdegree 0, and is referred to as output. Each vertex of indegree 2 must be
labeled by either + or ×, thus representing computation. Input vertices must be labeled
by either a variable or a constant from the underlying field. Vertices are commonly
referred to as gates and edges as arrows.
Definition 2.13. The size of a circuit is the total number of gates in the circuit. The
depth of a circuit is the length of the longest path from an input gate to the output gate.
It is easy to prove by induction that each arithmetic circuit naturally represents a
polynomial. In this report various subclasses of arithmetic circuits will be considered:
- For weakly skew circuits we have the restriction that for every multiplication gate,
at least one of the incoming arrows is from a subcircuit whose only connection to
the rest of the circuit is through this single incoming arrow.
- For skew circuits we have the restriction that for every multiplication gate, at least
one of the incoming arrows is from an input gate.
- For formulas all gates (except the output gate) must have outdegree 1. Thus, reuse
of partial results is not allowed.
It is clear from the above restrictions that skew circuits are a subset of weakly skew
circuits, and that formulas are a subset of weakly skew circuits. However, if we instead
consider the expressive power of these classes of circuits, the following is known: In [79]
it was shown that every weakly skew circuits can be represented by an equivalent skew
circuit of polynomial size, so weakly skew circuits and skew circuits are equivalent with
respect to expressive power. Weakly skew circuits are a strict subset of circuits, because
one can construct a circuit that represents a polynomial with degree exponentially high
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Figure 2.1: The polynomial x + y 2 + y 2 · z + y 2 · v represented in four ways. Dashed boxes
indicate constructions not allowed in the type of circuit to the right of it

in the size of the circuit. It is conjectured that, with respect to expressive power, formulas
are a proper subset of (weakly) skew circuits.
In Figure 2.1 it is shown how the polynomial x + y 2 + y 2 · z + y 2 · v can be represented
in different ways, depending on the type of circuit under consideration. The circuits ii)
through iv) are obtained by “fixing” invalid constructions in the previous circuit in the
immediate way by introducing additional gates. The formula iv) obtained in this way is
not optimal with respect to the number of gates needed to express that polynomial as
a formula, but the purpose of the Figure 2.1 is to show how one type of circuit can be
modified into another by using local modifications.
For additional information about these, and other, subclasses of arithmetic circuits,
along with several examples, we refer to [66].

2.2.1 Complexity classes V P and V N P
Problems in Valiant’s complexity classes V P and V NP are represented through sequences of circuits - not just as a single circuit. The reason is that any given circuit has
a fixed number of input gates, and thus only is “applicable” to instances of that size. As
an example consider a circuit with 9 input gates that are interpreted as the entries in
a 3 × 3 matrix, and the output of this circuit is the determinant of the matrix. Clearly
this circuit cannot compute the determinant of arbitrary 4 × 4 matrices - simply because
there aren’t enough input gates. In the following definitions x and y denotes blocks of
variables.
Definition 2.14. A family (fn (x)) of multivariate polynomials over some field K is
called a p-family iff there exist polynomials q1 and q2 such that each fn depends on at
most q1 (n) variables, and if moreover the degree of fn is bounded by q2 (n).
Definition 2.15. A p-family (fn (x)) belongs to the complexity class V P iff there exists
a polynomial q such that each fn (x) can be computed by a circuit Cn of size bounded
by q(n).
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Note that this definition is non-uniform. A p-family (fn (x)) in complexity class V P
is defined through an infinite sequence of circuits, and different circuits in the seqence
need not to have any relation at all to each other in order to satisfy this definition.
It is conjectured that the complexity class V P has more expressive power than the
class of p-families that can be computed by polynomial size (weakly) skew circuits.
Example 2.16. Two simple examples of families of polynomials belonging to the complexity class V P are the following:
i) PRODUCT := (PRODUCTn ), where PRODUCTn (x1 , . . . , xn ) := x1 · . . . · xn .
P
ii) SUMSQUARES := (SUMSQUARESn ), where SUMSQUARESn (x) := ni=1 x2i .

In both examples it is clear that the number of variables is polynomial in n, the degree
is polynomial in n, and that they can be computed by circuits of size polynomial in n.
In order to introduce the complexity class V NP of hard evaluation problems let us
briefly step back: Decision problems in the discrete class NP have the common characteristic that we have to search through an exponential number of certificates in order to
check if one exists, that will lead a given Turing machine to acceptance in a polynomial
number of steps. If L is a language in NP , then there exist a polynomial p and a Turing
machine ML such that this well known idea can be illustrated as follows:
_
(ML halts on input hx, yi in p(|x|) steps).
x∈L=
y∈{0,1}p(|x|)

This kind of search was generalized for the complexity class #P of counting problems
in [82], where we instead are interested in counting the number of certificates, that will
lead a given Turing machine to acceptance:
X
(1 if ML halts on input hx, yi in p(|x|) steps; 0 otherwise).
Value of x =
y∈{0,1}p(|x|)

We can generalize this counting idea even further by replacing Turing machines working
in polynomial time with polynomial size arithmetic circuits - this time adding numbers
from an arbitrary ring or field, instead of just adding 0’s and 1’s. This leads to the
definition of the complextity class V NP :
Definition 2.17. A p-family (fn (x)) belongs to the complexity class V NP iff there
exist a polynomial q and a family of polynomials (gn (x, y)) ∈ V P such that for every n
we have that |y| = q(n) and
X
fn (x) =
gn (x, y).
y∈{0,1}q(n)

Thus, problems in Valiant’s class V NP have the common characteristic that they can
be written as an exponential sum of easy to evaluate polynomials.
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Reductions in Valiant’s model are called projections. The overall idea is to represent
a family of polynomials (fn ) through another family (gn ): For each polynomial fi in the
family (fn ) there must be a polynomial gj in the family (gn ) such that one can substitute
the variables of gj with either variables of fi or constants from the underlying field K in
order to obtain fi = gj . If one can do this, then any evaluation method for the family
(gn ) can also be used as an evaluation method for the family (fn ). Since we are interested
in complexity theoretical results in this report we of course want such projections to be
done “efficiently” - formally defined as follows:
Definition 2.18. Let (fn ) and (gn ) be p-families over some field K. Then f is a pprojection of g (written f p g) iff there exists a polynomial q such that for every n we
have that fn (x1 , . . . , xm ) = gq(n) (y1 , . . . , yl ) where each yi ∈ K ∪ {x1 , . . . , xm }.
Just as the definition of V P is non-uniform, this definition of p-projections is nonuniform as well.
With the above definitions at hand the definition of V NP -completeness follows easily.

2.2.2 The determinant, permanent and hamiltonian polynomials
Here we introduce some families of polynomials that are studied in this report.
Let M = (mi,j ) be an n × n matrix and Sn the permutation group on n symbols, then
the determinant of M is defined as follows:
det(M) =

X

sign(σ)

n
Y

mi,σ(i) .

i=1

σ∈Sn

The sign of a permutation σ is even iff σ contains an even number of cycles of even
length. Even though we sum over an exponential number of permutations, it is well
known that we can compute the determinant in polynomial time using Gaussian elimination. However, since Valiant’s model does not allow what corresponds to division and
branching in the BSS model, it is not clear how Gaussian elimination can be used to
establish membership in V P . The details are explained in [16], where it is shown how
Gaussian elimination can be performed on a circuit assuming divisions are allowed. In
order to eliminate divisions one can then use a result by Strassen [76] which shows that
a polynomial computed by a circuit that allows divisions can be computed as well on a
circuit without divisions, with only a polynomial increase in size of the circuit.
If we in the definition of the determinant ignore the sign of the permutation σ, then
we obtain the permanent polynomial. The permanent of an n × n matrix M = (mi,j ) is
defined like this:
n
XY
mi,σ(i) .
(2.1)
per(M) =
σ∈Sn i=1

A prominent result by Valiant was to establish that the permanent polynomial is
V NP -complete [81, 83] for fields of characteristic different from 2. The proof of V NP hardness is long and involved (as such first hardness proofs typically are) and will not be
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explained in this report. Instead we will explain membership for the permanent polynomial in the class V NP (the entire completeness proof can be found in the textbook [18]).
Example 2.19. By X and Y we denote blocks of variables that are intepreted as the
entries of two n × n matrices. Entries in X are elements from the underlying field, and
entries of Y are from the set {0, 1}. The permanent of X can then be expressed as the
following exponential sum over an easy to evaluate polynomial:

X

Y ∈{0,1}

n×n






Y




(1 − Yi,j · Yl,m)
·

1≤i,j,l,m≤n
i=l⇔j6=m

|

i=1 j=1

!

{z

}

n X
n
Y

Yi,j

·

n X
n
Y
i=1 j=1

|

Xi,j · Yi,j
{z

!
}

Eval. to non-zero iff
If Y is a permutation matrix,
every row of Y con- then it evaluates to the product
Evaluates to 1 iff every column and
every row of Y contains at most one 1. tains at least one 1. of weights in that permutation.
Degree is O(n).
Degree is O(n). Size is O(n2 ).
Degree is O(n3 ). Size is O(n3 ).
Size is O(n2 ).

|

{z

}

|
{z
}
Evaluates to 1 if Y is a permutation matrix. Otherwise 0.
{z
|

}

If Y is a permutation matrix, then it evaluates to the product of weights in that permutation.
Otherwise it evaluates to 0. Degree is O(n5 ). Size is O(n3 ).

In this report we take a graph theoretic approach to the permanent and hamiltonian
(to be defined below) polynomials. The reason for this is that we consider easy special
cases of these V NP -complete polynomials and study how these are related to various
types of circuits. Several of our approaches are related to graph theory, also see e.g. [64],
since we attach a graph to a matrix and study properties like treewidth of this graph.
Definition 2.20. Let M = (mi,j ) be an n × n matrix. The underlying graph of M,
denoted by GM , is a weighted, directed graph defined as follows: GM = hVM , EM , wi
where VM = {1, . . . , n}, (i, j) ∈ EM iff mi,j 6= 0, and w(i, j) = mi,j . Notice that GM can
have loops.
Definition 2.21. A cycle cover of a directed graph is a subset of the edges such that
these edges form disjoint, directed cycles (using loops are allowed). Furthermore, each
vertex in the graph must be in one (and only one) of these cycles. The weight of a cycle
cover is the product of weights of all participating edges.
With these definitions one can establish an equivalent definition of the permanent
polynomial.
Definition 2.22. The permanent of an n × n matrix M = (mi,j ) is the sum of weights
of all cycle covers of GM .
The equivalence with (2.1) is clear since any permutation can be written down as a
product of disjoint cycles, and this decomposition is unique.
The hamiltonian polynomial ham(M) is defined similarly, except that we only sum
over cycle covers of GM that consists of a single cycle (hence the name). It has also been
shown to be V NP -complete in [81, 83] - including for fields for characteristic 2.
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Yet another combinatorial characterization of the permanent is by the sum of weights
of perfect matchings in a bipartite graph.
Definition 2.23. A perfect matching of a graph G = hV, Ei is a subset E ′ of E such
that every vertex in V is incident to exactly one edge in E ′ . The weight of a perfect
matching E ′ is the product of weights of all edges in E ′ . By SP M(G) we denote the
sum of weights of all perfect matchings of G.
Definition 2.24. Let G be a weighted, directed graph. We define the bipartite adjacency
graph of G, denoted BA(G), as the bipartite, undirected, weighted graph obtained as
follows:
- split each vertex u ∈ V (G) in two vertices u+ and u− ;
- each directed edge (u, v) (of weight w) is replaced by an edge between u+ and v −
(of weight w). A loop on u (of weight w) is replaced by an edge between u+ and
u− (of weight w).
It is well known that the permanent of a matrix M is equal to SP M(BA(GM )).
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3 Completeness in Approximation
Classes for Optimization Problems
One tradition of approximation algorithms comes from continuous mathematics. A
well known example is Newton’s algorithm for numerically approximating a zero of a
differentiable function, which is very important in areas like numerical analysis and
scientific computation.
Another, and very different, tradition of approximation algorithms is about the complexity classes AP X, P T AS and F P T AS, which have been studied in relation to NP hard combinatorial optimization problems in complexity class NP O. It is this aspect
of approximation which we will transfer to the real number setting and study in this
section.
Our goal is to show complete problems with respect to approximation for each of the
four subclasses of NP OR introduced in Section 2. We define real number versions of
the approximation classes AP X, P T AS and F P T AS and show complete problems for
the classes AP XR and P T ASR . The notion of approximation preserving reductions for
optimization problems over the real numbers will also be defined in this section.
Our results will be established using maximization problems but the proofs can easily be modified to work for the corresponding minimization classes as well. For the
minimization classes we then show two additional results, one of these being for an
optimization problem that is hard to minimize but easy to maximize.
In the discrete setting AP X- and P T AS-complete problems was first shown in [27].

3.1 Approximation classes AP XR, P T ASR and F P T ASR
In order to study approximation properties of the types of optimization problems introduced in Section 2 we define approximation classes similar to those well known in the
discrete setting. The definition, however, needs some care.
Definition 3.1. Given an instance x and a feasible solution y ∈ Sol(x) with measure
∗
v, the ratio of this feasible solution is defined as R(x, v) = max( m∗v(x) , m v(x) ). The ratio
is undefined if either v = 0, m∗ (x) = 0 or m∗ (x) is undefined. This definition applies to
both maximization and minimization problems.
Rs ,Rm
Rs ,Rm
Definition 3.2. An optimization problem P in class NP OR,max
is in class AP XR,max
if there exist a real number r > 1 and polynomial time BSS machines M1 , M2 and M3
such that:
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i) For any input x ∈ I machine M1 decides if Sol(x) = ∅;
ii) for any input x ∈ I, Sol(x) 6= ∅ machine M2 decides if m∗ (x) = 0 or m∗ (x) is
undefined;
iii) for any input x ∈ I, Sol(x) 6= ∅, m∗ (x) is defined and m∗ (x) 6= 0 machine M3
computes a value v ∈ Rm such that there exists a y ∈ Sol(x) with m(x, y) ≥ v
and R(x, v) ≤ r.
Rs ,Rm
.
Similarly for optimization problems in class NP OR,min

Remark 3.3. Most importantly we do not require M3 to compute a feasible solution
y. The output of the computation is only a bound for the measure of a feasible solution
which must exist, and this bound must be within a constant factor of the measure of
the optimal solution. The reason for this is that though one might guarantee such a y
to exist it is impossible to compute
it by a BSS algorithm (e.g. if y has to satisfy an
√
equation y 2 − s = 0 for some s not belonging to the algebraic closure of the finitely
many constants used in the given BSS machine).
AP XR is then defined as the union of the four subclasses. In a similar way we can
define approximation classes log-AP XR , poly-AP XR and exp-AP XR . For these classes
we require the ratio of the feasible solution y to be logarithmic, polynomial and exponential in |x|, respectively. As in the discrete setting, a difference between membership
in exp-AP XR and membership in NP OR is that membership in exp-AP XR requires that
we in polynomial time can decide if the set of feasible solutions is empty.
Finally, the class P T ASR of problems allowing a polynomial time approximation
scheme is defined by changing Definition 3.2 in the obvious way: The ratio r now is
given as part of the input to M1 , M2 and M3 . For approximation class F P T ASR we
additionally require the running time of M1 , M2 and M3 to be polynomial in both |x|
1
and r−1
.
Here is an easy example clarifying the introduced definitions:
Example 3.4. Let k ∈ N be fixed and > 1. The MAX QUADRATIC POLYNOMIAL
SYSTEM(k) problem, for short MAX QPS(k), is defined as:
Input: n, m ∈ N and polynomials p1 , . . . , pm with real coefficients, each of degree at
most 2, each depending on at most 3 of the variables x1 , . . . , xn , and each variable occurs
in at most k of the polynomials;
Feasible Solution: x ∈ Rn ;
Measure: Number of polynomials pi , 1 ≤ i ≤ m, that have a root in x.
MAX QPS(k) is an NPR -hard maximization problem due to the main result in [28].
R,Z∞

2
.
Proposition 3.5. MAX QPS(k) ∈ AP XR,max

R,Z∞

2
Proof. The problem is easily seen to be in class NP OR,max
. Membership in class
∞
R,Z2
AP XR,max can be shown as follows: Since each polynomial has degree bounded by 2
and depends on a most 3 variables, we can in linear time in m determine for each pi ,
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1 ≤ i ≤ m, if it has a real root. Let m∗ ≤ m be the amount of polynomials that have
a real root independently of the other polynomials. Consider one of these polynomials,
pj , which we assume depends on variables x, y and z. We know an assignment to these
3 variables exist such that pj (x, y, z) evaluates to zero. Assigning values to the variables
corresponding to a root of pj , however, might result in the worst case that up to 3·(k −1)
other polynomials which no longer can have a real root. Repeat this process until all n
variables have been assigned some value (without loss of generality we assume each varim∗
able occurs in at least one polynomial). In the end at least ⌈ 3·(k−1)+1
⌉ = v polynomials
will have a real root, which gives a constant ratio of at least 3 · (k − 1) + 1 = r. Thus,
R,Z∞
2
MAX QPS(k) is in class AP XR,max
.

3.2 Approximation preserving reductions
In order to show the existence of complete problems for the above classes of optimization
problems we define approximation preserving reductions.
Definition 3.6. Let P1 and P2 be maximization problems in class NP OR . P1 is APreducible to P2 , denoted P1 ≤AP P2 , if functions f and g and a real constant α ≥ 1
exist such that:
i) For any x ∈ I1 and any real number r > 1 it is f (x, r) ∈ I2 ;
ii) for any x ∈ I1 and any real number r > 1 if Sol1 (x) 6= ∅, then Sol2 (f (x, r)) 6= ∅;
iii) f (x, r) is polynomial time computable in |x|;
iv) for any x ∈ I1 and any real number r > 1 if there exists a y ∈ Sol2 (f (x, r)) with
measure at least v such that R2 (f (x, r), v) ≤ r, then there exists a z ∈ Sol1 (x)
with measure at least w such that R1 (x, w) ≤ 1 + α · (r − 1) and w = g(x, r, v);
v) g(x, r, v) is polynomial time computable in |x|.
A similar definition can be made if P1 and/or P2 are minimization problems.

Remark 3.7. a) In the discrete setting we also require a function which computes a
feasible solution to the instance of P1 given a feasible solution to the instance of P2
we reduced it to. As mentioned previously we do not require the actual solution to be
computed; the fact that it exists is sufficient.
b) Most AP-reductions in this report will use α = 1, do not depend on r, and satisfy
g(x, r, v) = v. We will explicitly state when this is not the case.
Definition 3.8. Given a class C of optimization problems, P is C-hard under APreducibility iff for all P ′ ∈ C, P ′ ≤AP P. If furthermore P ∈ C then P is C-complete
under AP-reducibility.
AP-reductions preserve membership in AP XR and P T ASR and are used when showing
NP OR - and AP XR -completeness. In order to preserve membership in F P T ASR , used
when showing P T ASR -completeness, a stronger reduction is needed:
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Definition 3.9. Let P1 and P2 be maximization problems in class NP OR . P1 is Freducible to P2 , denoted P1 ≤F P2 , if functions f and g and a polynomial p exist such
that:
i) For any x ∈ I1 and any real number r > 1 it is f (x, r) ∈ I2 ;
ii) for any x ∈ I1 and any real number r > 1 if Sol1 (x) 6= ∅, then Sol2 (f (x, r)) 6= ∅;
iii) there exists a BSS machine Mf which computes f (x, r) whose running time is
1
;
polynomial in |x| and r−1
iv) for any x ∈ I1 and any real number r > 1 if there exists a y ∈ Sol2 (f (x, r))
with measure at least v such that R2 (f (x, r), v) ≤ p(|x|,1 1 ) + 1, then there exists
r−1

a z ∈ Sol1 (x) with measure at least w such that R1 (x, w) ≤ r and w = g(x, r, v);

v) there exists a BSS machine Mg which computes g(x, r, v) whose running time is
1
.
polynomial in |x| and r−1

3.3 Maximization results
We turn to the main results of this section. We show the existence of complete problems
Z2 ,Z∞
R,Z∞
Z2 ,R≥0
2
2
, NP OR,max
for each of the classes of maximization problems NP OR,max
and
, NP OR,max
≥0

R,R
NP OR,max
as well as the corresponding subclasses of AP XR and P T ASR . For each of
the four subclasses of NP OR,max , completeness of a particular problem will be shown.

3.3.1 N P OR,max -completeness
Example 3.10. The MAX WEIGHTED 4FEAS problem is defined as:
Input: n ∈ N, a degree 4 polynomial with real coefficients in n variables. Each variable
has a non-negative integer weight;
Feasible Solution: x ∈ Rn such that the polynomial evaluates to 0;
Measure: Sum of weights of all variables which have been assigned a value different
from 0.
R,Z∞

2
The problem is easily shown to belong to class NP OR,max
. Note that deciding existence of a feasible
solution is NPR -complete so this problem does not belong to class
R,Z∞
2
if PR 6= NPR .
exp-AP XR,max

R,Z∞

2
-complete under AP-reduciTheorem 3.11. MAX WEIGHTED 4FEAS is NP OR,max
bility.

R,Z∞

2
. We design an
Proof. Let P := (I, {Sol(x)}x∈I , m) be a problem in class NP OR,max
AP-reduction from P to MAX WEIGHTED 4FEAS.
Let x ∈ I be fixed. Consider the following decision problem: On input (y, v) decide
if y ∈ Sol(x), if v is the binary encoding of an integer and if m(x, y) = v. Since
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R,Z∞

2
we can easily construct a BSS machine Mx which in polynomial time in
P ∈ NP OR,max
|x| decides this problem. On the other hand, deciding if an input (y, v) exists such that
Mx accepts is a decision problem in class NPR .
An AP-reduction (f, g, α) is obtained as follows: On input x ∈ I f constructs Mx . It
then uses the reduction described in [28] to generate a degree 4 polynomial p which has
a real root iff there exists (y, v) which fulfills the above conditions (see Example 2.3).
In p we identify the polynomially many variables which correspond to those registers
that store the binary representation of v at the beginning of the computation performed
by Mx on input (y, v). Each of these variables is assigned a weight 2i corresponding
to which part of the binary representation of v it represents. All other variables in
p are assigned the weight 0. Adding weights to the variables in p produces a MAX
WEIGHTED 4FEAS instance q = f (x). By choosing α = 1 and g(x, r, v) = v we obtain
an AP-reduction since:

- If Sol(x) 6= ∅, then there exists a (y, v) such that Mx on input (y, v) will accept.
This implies q will have a real root so Sol(q) 6= ∅. Moreover, f is polynomial time
computable.
- For any feasible solution z ′ to q we can identify the variables which correspond
to the registers at the beginning of the computation performed by Mx on input
(y, v). This y is in Sol(x) and has measure v. The assignment of weights to the
variables in q implies that m(x, y) equals the measure of the feasible solution z ′ of
q. This especially holds for optimal feasible solutions so we have m∗ (x) = m∗ (q).
So if there exists a feasible solution s′ for q with measure w such that R(q, w) ≤ r,
then there exists a y ∈ Sol(x) with measure w such that R(x, w) ≤ r.
Example 3.12. The MAX VARIABLE SUM problem is defined as:
Input: n ∈ N, a degree 4 polynomial with real coefficients in n variables;
n
Feasible Solution:
Pn x ∈ R such that the polynomial evaluates to 0;
Measure: Sum i=1 xi of all components of x.
≥0

R,R
Theorem 3.13. MAX VARIABLE SUM is NP OR,max
-complete under AP-reducibility.
≥0

R,R
Proof. Let P := (I, {Sol(x)}x∈I , m) be a problem in class NP OR,max
. We will show
P ≤AP MAX VARIABLE SUM. Let x ∈ I be a fixed instance for P. We once more
consider a BSS machine Mx which on input (y, v) decides if y ∈ Sol(x) and if m(x, y) = v.
Again the corresponding decision problem is in NPR . It can be reduced in polynomial
time to a 4FEAS instance. Moreover one particular component of each root z ∗ , say
z1∗ , represents the value v of the guess (y, v) accepted by Mx . Let n̂ be the number of
variables that p depends on. We introduce n̂ − 1 new variables, denoted by u2 , . . . , un̂ ,
and construct a MAX VARIABLE SUM instance as follows:

q(z, u) = p(z) + (z2 + u2 )2 + (z3 + u3 )2 + . . . + (zn̂ + un̂ )2 .
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Clearly q(z, u) has a real root iff p(z) does. In order for q(z, u) to evaluate to 0 we need
zi = −ui for 2 ≤ i ≤ n̂. Thus, for all feasible solutions to this MAX VARIABLE SUM
instance the measure is equal to the value assigned to variable z1 .
Example 3.14. The MAX SUBCIRCUIT VALUE problem is defined as:
Input: n ∈ N, an algebraic circuit with n input gates and two output gates (one of
which is specified as the primary and the other as the secondary output gate);
Feasible Solution: x ∈ {0, 1}n such that the primary output gate evaluates to 1;
Measure: Output from the secondary output gate.
Note that deciding whether the set of feasible solutions is empty is complete for the
complexity class DNPR [30], so the search space is finite (but exponential).
≥0

Z2 ,R
Theorem 3.15. MAX SUBCIRCUIT VALUE is NP OR,max
-complete under AP-reducibility.
≥0

Z2 ,R
Proof. Let P := (I, {Sol(x)}x∈I , m) be a problem in class NP OR,max
. We will show
P ≤AP MAX SUBCIRCUIT VALUE. Let x ∈ I be a fixed instance for P. Once
again we obtain a decision problem: On input y ∈ {0, 1}∞ decide if y ∈ Sol(x). This
decision problem is in DNPR . This reduces to the Binary Circuit Satisfiability problem
in polynomial time. The output gate of this circuit is the primary output gate in the
instance of MAX SUBCIRCUIT VALUE we produce.
We now add another circuit which as input gates has copies of the input gates in the
above circuit. This circuit computes the function m(x, y) where x is fixed and y comes
from the input gates. The output gate of this circuit is the secondary output gate in the
instance we produce.
Z ,Z∞

2 2
By applying ideas from Theorem 3.11 and Theorem 3.15 we can show NP OR,max
completeness for the following problem:

Example 3.16. The MAX WEIGHTED BINARY CIRCUIT problem is defined as:
Input: n ∈ N, an algebraic circuit with n input gates, a non-negative integer weight for
each of the input gates;
Feasible Solution: x ∈ {0, 1}n such that the circuit evaluates to 1;
Measure: Sum of weights of all input gates which have been assigned the value 1.
Many important problems are polynomially bounded (see Definition 2.9) For the reR,Z∞
2
the following problem turns out to be important:
lated class NP OR,max
Example 3.17. The MAX ZERO VARIABLES problem is defined as:
Input: n ∈ N, a degree 4 polynomial with real coefficients in n variables;
Feasible Solution: x ∈ Rn such that the polynomial evaluates to 0;
Measure: Number of variables that are assigned the value 0.
R,Z∞

2
; since the optimal solution has measure at most n the
The problem is in NP OR,max
problem is polynomially bounded.

26

3.3 Maximization results
Theorem 3.18. MAX ZERO VARIABLES
is complete for the set of polynomially
R,Z∞
2
bounded problems in class NP OR,max under AP-reducibility.
R,Z∞

2
Let P := (I, {Sol(x)}x∈I , m) be a polynomially bounded problem in class NP OR,max
.
Let x ∈ I be a fixed instance for this problem. Construct a BSS machine Mx which
on input (y, v) ∈ R∞ × Z∞
2 decides if y ∈ Sol(x) and if m(x, y) = v. As before, this
decision problem reduces to the 4FEAS decision problem. The overall idea of the proof
involves two parts: The first part is to modify the reduction in [28] such that the degree 4
polynomial we produce does not have real roots, which involves the value 0. The second
part is to produce the desired optimization problem by introducing new variables, which
can have the value 0 but these variables are related to v in the input given to Mx .
For the first part of the proof consider some of the variables, which in [28] are introduced to produce the degree 4 polynomial:

- It , copy-from register at timestep t.
- Jt , copy-to register at timestep t.
- Tt , instruction executed at timestep t.
- Xt,r , memory register r at timestep t.
The variables It , Jt and Tt all have values different from 0 when encoding a valid
computation of Mx . The main problem is the variables Xt,r that represent memory
registers of Mx in the computation we simulate. The variables Xt,r can have the value
0 but here we will “eliminate” such 0’s by introducing additional variables St,r , which
will enable us to encode the value 0 in the following way:
If in the computation performed by Mx on input (y, v) register r at timestep t holds a
value z 6= 0, then we will enforce St,r = 1 and Xt,r = z. If register r at timestep t holds
the value 0, then we will enforce St,r = −1 and Xt,r = −1.
We can in a semi-algebraic manner both simulate the computation of Mx and enforce
this encoding of the value 0. The parts of the constructed formula that simulate algebraic
operations are more involved than in the usual proof. The reason is that we have up to 8
different combinations of whether the 3 registers involved in the algebraic operation hold
values different from 0 or equal to 0. Let us illustrate how we modify the semi-algebraic
expressions in order to deal with this encoding of the value 0. Consider addition of
register 2 and 3, placing the result in register 1:
(St,2 = 1 ∧ St,3 = 1 ∧ (Xt,2 + Xt,3 )2 > 0 ∧ Xt+1,1 = Xt,2 + Xt,3 ∧ St+1,1 = 1) ∨
(St,2 = 1 ∧ St,3 = 1 ∧ Xt,2 + Xt,3 = 0 ∧ Xt+1,1 = −1 ∧ St+1,1 = −1) ∨
(St,2 = −1 ∧ Xt+1,1 = Xt,3 ∧ St+1,1 = St,3 ) ∨
(St,3 = −1 ∧ Xt+1,1 = Xt,2 ∧ St+1,1 = St,2 ).
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The total size of the produced formula of course increases when we use this encoding
but it is still polynomial in |x|.
Each strict inequality can as usual be replaced by an equality by introducing one
additional variable, V . Some of these variables will end up in equalities which might not
be fulfilled in an accepting computation of Mx and then these variables can be assigned
any value, including 0. This is resolved by introducing one more variable, W , for each
strict inequality and in addition require the equality V · W = 1 to be satisfied.
For the second part of the proof we introduce new variables in order to obtain the
desired optimization problem: Without loss of generality assume v in the input to Mx
is encoded in unary representation. For each register position i involved in the unary
encoding of v we introduce a new variable Mi and require S1,i + Mi = 1. Note that
S1,i represents the entry of register i at the start t = 1 of the computation; this entry
according to our setting is given the corresponding component of the unary representation of v. Thus, for any real root of the constructed formula the number of Mi variables
assigned the value 0 equals the value v of the guess (y, v) accepted by Mx . Moreover,
since no other variables have been assigned the value 0 in a real root of the formula, this
implies the total number of variables assigned the value 0 equals the value v.

3.3.2 AP XR,max -completeness
When showing NP OR,max -completeness in Section 3.3.1 different problems, and thus
different proofs, had to be considered for each of the four subclasses of NP OR,max we
consider in this report. AP XR,max -complete problems will be constructed in a canonical
way by exploiting a certain property of the previously introduced problems.
Rs ,Rm
under APDefinition 3.19. We call P measure preserving with respect to NP OR,max
Rs ,Rm
reductions iff the following conditions are satisfied: First, P is NP OR,max -complete
Rs ,Rm
there is a reduction
under AP-reductions. Second, for every problem Q ∈ NP OR,max
algorithm which preserves the measure. The latter means that for every instance x1 of
Q, if x is the P instance obtained when we apply the AP-reduction from Q to P on
input x1 , then x1 has a feasible solution with measure t iff x has a feasible solution with
measure t.
≥0

R,R
The problem from Example 3.12 is measure preserving with respect to NP OR,max
under AP-reductions.
R,R≥0
We show AP XR,max
-completeness by using bounds on the measure for instances of a
measure preserving problem similar to what is done in [27] for the discrete setting.
≥0

R,R
Definition 3.20. Let P be in class NP OR,max
. We define a maximization problem P ′
as follows:
Input: A triple X := (x, k, b) where x is an instance of P, k is an integer ≥ 2, b is a
real number > 0;
Feasible Solution: y ∈ R∞ of size at most p(|x|) for a polynomial p, p only depends
on P;
Measure: Let A(X) = (k − 2) · b. The measure is:
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If y ∈
/ Sol(x), then mP ′ (X, y) = A(X) + b;
If y ∈ Sol(x) and mP (x, y) < b, then mP ′ (X, y) = A(X) + b;
If y ∈ Sol(x) and mP (x, y) ≥ b, then mP ′ (X, y) = A(X) + min(k · b, mP (x, y)).
The calculations in the two lemmas below are essentially equivalent to those in [27]
but are repeated here for sake of completeness.
≥0

≥0

R,R
R,R
Lemma 3.21. For all P ∈ NP OR,max
we have P ′ ∈ AP XR,max
.

Proof. We show that for any P ′ instance X we can in polynomial time in |X| compute
a 2-approximation. Consider the following two cases:
k = 2: In this case A(X) = 0. It is clear that m∗P ′ (X) ≤ k · b = 2 · b. There exists a
feasible solution to X with measure at least b and it is clear that RP ′ (X, b) ≤ 2. The
output of our approximation algorithm is b.
k > 2: In this case A(X) = (k − 2) · b. It is clear that m∗P ′ (X) ≤ (k − 2) · b +
k · b = 2 · (k − 1) · b. There exists a feasible solution to X with measure at least
A(X) + b = (k − 2) · b + b = (k − 1) · b, which has RP ′ (X, (k − 1) · b) ≤ 2. The output of
our approximation algorithm is (k − 1) · b.
≥0

R,R
Lemma 3.22. If P is measure preserving with respect to NP OR,max
under AP-reducti≥0

R,R
ons, then P ′ is AP XR,max
-hard under AP-reductions.
≥0

R,R
Proof. Let Q be a problem in class AP XR,max
. Then there exists a real constant k > 1
such that for all instances of Q we can in polynomial time compute a k-approximation.
Without loss of generality we assume k ∈ N. Since k is fixed once Q is fixed, we can
have α and g in our AP-reduction from Q to P ′ depend on k. The AP-reduction works
as follows:
Let x1 be an instance of Q. Compute a real number b such that there exists a feasible
solution for x1 with measure at least b and RQ (x1 , b) ≤ k. By using x1 as input to
the AP-reduction from Q to P, we obtain a P instance x with the property that x1
has a feasible solution with measure t iff x has a feasible solution with measure t. We
construct a P ′ instance X := (x, k, b).
Consider the following two cases:
k = 2: We define α = 1 and g(w, r, v) = v. We see that m∗P ′ (X) = m∗P (x). This is not
true for P ′ instances in general but it is true in this case since b ≤ m∗P (x) ≤ k · b (these
inequalities are true because of the measure preserving property of P and because x was
constructed from a Q instance x1 for which we had a k-approximation).
Assume y is a feasible solution to X with RP ′ (X, mP ′ (X, y)) ≤ r: If y is not a feasible
solution to x, or y is a feasible solution to x with mP (x, y) < b, then mP ′ (X, y) = b.
But there exists a feasible solution u to x with mP (x, u) ≥ b so this feasible solution u
will have RP (x, mP (x, u)) ≤ r. If y is a feasible solution to x with mP (x, y) ≥ b, then
we also have the RP (x, mP (x, y)) ≤ r.
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The measure preserving property of P then implies there exists a feasible solution to
x1 with measure at least mP ′ (X, y) and RQ (x1 , mP ′ (X, y)) ≤ r.
k > 2: We define α = (k − 1) and g(w, r, v) = v − A(X). We have m∗P ′ (X) = A(X)+
m∗P (x) by the same argument as before. Assume there exists a feasible solution y to the
P ′ instance X such that RP ′ (X, mP ′ (X, y)) ≤ r: If y is not a feasible solution to x, or y
is a feasible solution to x with mP (x, y) < b, then mP ′ (X, y) = A(X) + b. There exists
a feasible solution u to x with measure at least b and we obtain the following:
m∗P ′ (X)
A(X) + m∗P (x)
(k − 2) · b + m∗P (x)
≤r⇔
≤r⇔
≤r⇔
mP ′ (X, y)
A(X) + b
(k − 2) · b + b
(k − 2) · b + m∗P (x) ≤ r · (k − 2) · b + r · b ⇔ m∗P (x) ≤ r · (k − 2) · b + r · b − (k − 2) · b ⇔

m∗P (x)
≤ (r − 1) · (k − 2) + r = (r − 1) · α + 1.
b
If y is a feasible solution to x with mP (x, y) ≥ b we have the following:
m∗P (x) ≤ (r − 1) · (k − 2) · b + r · b ⇔

m∗P ′ (X)
(k − 2) · b + m∗P (x)
m∗P (x)
(r − 1) · (k − 2) · b
≤r⇔
≤r⇔
≤
+r ⇒
′
mP (X, y)
(k − 2) · b + mP (x, y)
mP (x, y)
mP (x, y)
m∗P (x)
≤ (r − 1) · (k − 2) + r = (r − 1) · α + 1.
mP (x, y)
Again the measure preserving property of P implies there exists a feasible solution to
x1 with measure at least mP (x, y) and RQ (x1 , mP (x, y)) ≤ (r − 1) · α + 1.
≥0

R,R
Theorem 3.23. If P is measure preserving with respect to NP OR,max
under AP-reduc≥0

R,R
tions, then P ′ is AP XR,max
-complete under AP-reductions.

Proof. Follows from Lemmas 3.21 and 3.22.
Z ,Z∞

≥0

Z2 ,R
2 2
, AP XR,max
The result can easily be modified to work for the classes AP XR,max
and
R,Z∞

2
AP XR,max
as well. The only part of the definition of P ′ that must be changed is that b
Z2 ,Z∞
2
is required to be a integer instead of a real number when considering classes AP XR,max
∞
R,Z2
.
and AP XR,max
The problems described in Examples 3.10, 3.14 and 3.16 are measure preserving with
respect to their respective subclasses of NP OR,max under AP-reductions.

3.3.3 P T ASR,max -completeness
P T ASR,max -completeness can be shown using similar techniques used to show AP XR,max completeness: We consider a measure preserving problem, introduce bounds on the measure of feasible solutions; that way we construct a P T ASR,max -complete problems in a
canonical way. The previously introduced AP-reductions are all F-reductions as well.
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In the discrete setting [27] when showing membership in P T AS the authors exploit
that they in exponential time can compute an optimal solution to the given instance.
An optimal solution is used as output of the approximation algorithm when the required
ratio of the approximation is “sufficiently close” to 1. In the real number setting it is
in general impossible to compute the optimal measure, but it turns out to be sufficient
that we in exponential time can compute good approximations to the optimal measure
with running time independent of the numerical value of the optimal measure.
≥0

R,R
Definition 3.24. Let P be in class NP OR,max
. We define a new maximization problem
′′
P as follows:
Input: A tuple X := (x, b), where x is an instance of P, b > 0 a real number;
Feasible Solution: y ∈ R∞ of size at most p(|x|) for a polynomial p, p only depends
on P;
Measure: Let A(X) = |X| · b − b, which is non-negative. The measure is:
If y ∈
/ Sol(x), then mP ′′ (X, y) = A(X) + b;
If y ∈ Sol(x) and mP (x, y) < b, then mP ′′ (X, y) = A(X) + b;
If y ∈ Sol(x) and mP (x, y) ≥ b, then mP ′′ (X, y) = A(X) + min(2 · b, mP (x, y)).
≥0

≥0

R,R
R,R
Lemma 3.25. For all P ∈ NP OR,max
we have P ′′ ∈ P T ASR,max
.

Proof. Let X := (x, b) be an instance of P ′′ and r > 1 the required ratio of the approximation we must compute. It is clear that A(X) + b ≤ m∗P ′′ (X) ≤ A(X) + 2 · b. Compute
R = A(X)+2·b
, the ratio of the trivial lower bound for the optimal measure of X. If r ≥ R,
A(X)+b
then A(X) + b has the required ratio and is the output of our approximation algorithm
1
for P ′′ . Otherwise r < R and by definition of A(X) we have R = |X|·b+b
= 1 + |X|
, which
|X|·b
1
implies r−1 > |X| > |x|.
Now consider the following decision problem in NPR : Does there exist a feasible
solution to x with measure > b? If the answer to this question is “no” then A(X) + b
is the optimal measure for X and is the output of our approximation algorithm. If the
answer to the above question is “yes”, we consider another decision problem in NPR :
Exists a feasible solution to x with measure ≥ 2·b? If the answer is “yes” then A(X)+2·b
is the optimal measure for X and is the output of our approximation in this case. Each
of the above decision problems in NPR can be decided in time O(1)O(|x|) by [70]. Since
1
1
> |x| the running time is ≤ O(1)O( r−1 ) , thus polynomial in |X| and exponential in
r−1
1
which is acceptable for membership in P T ASR .
r−1
Otherwise we are in a situation where b < m∗P (x) < 2 · b. We will compute a real
number m such that b ≤ m ≤ m∗P (x) ≤ m + ǫ for some ǫ > 0. By choosing ǫ = b · (r − 1)
we get the following ratio of m for the instance x:
m+ǫ
b · (r − 1)
m∗P (x)
≤
=1+
≤ 1 + (r − 1) = r.
m
m
m
The computation of m is done with binary search in the range [b, 2 · b]. The number
1
b
) = O(log r−1
) and each step has running
of steps in the binary search is O(log b·(r−1)
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1

time O(1)O(|x|) ≤ O(1)O( r−1 ) . If m is an r-approximation to x, then clearly A(X) + m is
an r-approximation to X and is the output of our approximation algorithm. The total
1
running time is polynomial in |X| and exponential in r−1
so membership in P T ASR has
been established.
The calculations in the lemma below are essentially equivalent to those in [27] but are
repeated here for sake of completeness.
≥0

R,R
Lemma 3.26. If P is measure preserving with respect to NP OR,max
under F-reductions,
≥0

R,R
then P ′′ is P T ASR,max
-hard under F-reductions.

≥0

R,R
Proof. Let Q be a problem in class P T ASR,max
. Since Q ∈ P T ASR we can for all
instances of Q in polynomial time compute a 2-approximation. Let x1 be an instance
of Q. Compute a real number b such that there exists a feasible solution for x1 with
measure at least b and RQ (x1 , b) ≤ 2. By using x1 as input to the AP-reduction from
Q to P we obtain a P instance x with the property that x1 has a feasible solution with
measure t iff x has a feasible solution with measure t. Clearly b is a 2-approximation to
x as well. Consider the P ′′ instance X := (x, b). We choose the polynomial p required
1
1
for an F-reduction as p(|x|, r−1
) = |x| · r−1
. We need to show this is a valid F-reduction.
As in the proof of Lemma 3.22 we have that m∗P ′′ (X) = A(X) + m∗P (x). Assume y
is a feasible solution to X with RP ′′ (X, mP ′′ (X, y)) ≤ |X|·1 1 + 1. We only consider the
r−1

case where y is a feasible solution to x as well and mP (x, y) ≥ b.
RP ′′ (X, mP ′′ (X, y)) ≤

1
1 +1 ⇔
|X| · r−1

r−1
A(X) + m∗P (x)
≤
+1⇔
A(X) + mP (x, y)
|X|
|X| · b − b + m∗P (x)
r−1
≤
+1⇔
|X| · b − b + mP (x, y)
|X|
(r − 1) · (|X| · b − b + mP (x, y))
+ |X| · b − b + mP (x, y) ⇔
|X| · b − b + m∗P (x) ≤
|X|
(r − 1) · (|X| · b − b + mP (x, y))
+ mP (x, y) ⇔
m∗P (x) ≤
|X|
m∗P (x)
(r − 1) · |X| · b − (r − 1) · b + (r − 1) · mP (x, y)
≤
+1⇔
mP (x, y)
mP (x, y) · |X|
(r − 1) · (|X| − 1) · b + (r − 1) · mP (x, y)
m∗P (x)
≤
+1⇒
mP (x, y)
mP (x, y) · |X|
(r − 1) · |X| · mP (x, y)
m∗P (x)
≤
+ 1 = (r − 1) + 1 = r.
mP (x, y)
mP (x, y) · |X|
So y is a feasible solution to x with ratio r. Since P is measure preserving this applies
as well to the instance x1 of Q, which we initially reduced from.
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≥0

R,R
Theorem 3.27. If P is measure preserving with respect to NP OR,max
under F-reducti≥0

R,R
ons, then P ′′ is P T ASR,max
-complete under F-reductions.

Proof. Follows from Lemmas 3.25 and 3.26.

3.4 Minimization results
So far we have been dealing mainly with maximization problems. The definitions in
this report applies both to minimization and maximization problems. For the problems
studied in Examples 3.10, 3.12, 3.14, 3.16 and 3.17 one can as well consider the corresponding minimization versions. These minimization problems are complete for their
respective minimization classes. In this section we focus on completeness results for
some further minimization problems.
Also, our completeness results so far have been for problems for which already a
potential membership in class exp-AP XR implies PR = NPR . The next result deals
with a problem for which feasible solutions are easily found. Consider the optimization
problem in Example 2.11, this time as a minimization problem. We call this problem
MIN DIFFERENT FUNCTION VALUES.
Theorem 3.28. MIN DIFFERENT FUNCTION
VALUES is complete for the class of
R,Z∞
2
polynomially bounded problems in poly-AP XR,min under AP-reducibility.
Proof. Let P := (I, {Sol(x)}x∈I , m) be a polynomially bounded problem in class polyR,Z∞
2
AP XR,min
. Let x ∈ I be a fixed instance for this problem and let p be a bound for the
measure of all feasible solutions. For each 1 ≤ i ≤ p we consider a polynomial time BSS
machine Mx,i which on input y decides if y ∈ Sol(x) and m(x, y) ≤ i. For each Mx,i ,
1 ≤ i ≤ p, we apply the reduction in [28] to obtain a 4FEAS instance which depends on
variables y and additional variables Zi . We obtain p polynomials, f1 , . . . , fp , with the
following properties:
∃Z1 such that f1 (y, Z1) = 0 ⇐⇒ y ∈ Sol(x) and m(x, y) ≤ 1
..
.
∃Zp such that fp (y, Zp) = 0 ⇐⇒ y ∈ Sol(x) and m(x, y) ≤ p.
By the construction of these p polynomials we know their function values always are
non-negative. The next step is to obtain the desired instance of MIN DIFFERENT
FUNCTION VALUES. The output x′ of our AP-reduction is given as p further polynomials, g1 , . . . , gp , obtained as follows:
gp (y, Zp) = fp (y, Zp )
gp−1(y, Zp−1, Zp ) = fp−1 (y, Zp−1) + fp (y, Zp)
..
.
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g1 (y, Z1, . . . , Zp ) = f1 (y, Z1) + . . . + fp (y, Zp).
For all assignments of values to the variables of this set of polynomials the following
inequalities will hold: gp ≤ gp−1 ≤ . . . ≤ g1 . Also, if the optimal solutions to the
instance x we reduced from have measure j, then we have for all assignments of values
to the variables the following strict inequalities: gj < gj−1 < . . . < g1 . This implies
that the optimal solution for x′ has measure greater than or equal to the measure of the
optimal solution for x, since there will be at least j different function values in x′ . On
the other hand, we can also find assignments of values to the variables of gp , . . . , gj such
that all of these have the same function value; namely 0. So x and x′ have the same
optimal measure and the requirements for an AP-reduction are satisfied.
Our final result on approximation deals with minimizing the norm of a root of a
given polynomial. This and related questions are important in studying algorithms in
semi-algebraic geometry. There, in many situations a first important task is to find
good upper bounds on the norm of representatives in each connected component of a
semi-algebraic set. For more on this see [71].
Example 3.29. The MIN L1 -NORM problem is defined as:
Input: n ∈ N, a degree 4 polynomial with real coefficients in n variables;
Feasible Solution: x ∈P(R\{0})n such that the polynomial evaluates to 0;
Measure: The L1 -norm ni=1 |xi | of x.
≥0

R,R
Theorem 3.30. MIN L1 -NORM is NP OR,min
-complete under AP-reducibility.
≥0

R,R
Proof. Let P := (I, {Sol(x)}x∈I , m) be a problem in class NP OR,min
and let x ∈ I
be a fixed instance of this problem. Construct a BSS machine Mx which on input
(y, v) ∈ R∞ × R decides if y ∈ Sol(x) and m(x, y) = v. As before, this reduces to a
degree 4 polynomial qx such that qx has a real root iff an accepting guess for Mx exists.
Without loss of generality assume zn is the variable which for any root of qx is assigned
the measure v of the encoded feasible solution.
The straightforward idea to be used is considering homogeneous polynomials. Let
p̃(z0 , z1 , . . . , zn ) be the homogenization of the above qx with deg(p̃) = 4 and z0 as the
homogenization variable. If z ∗ ∈ Rn is a root of qx then for all λ 6= 0 we have p̃(λ, λ·z ∗ ) =
λ4 · p̃(1, z ∗ ) = 0 and thus the infimum of the L1 -norm for roots of p̃ with λ 6= 0 is 0. We
finally have to raise the infimum to v to obtain the desired optimization problem. Define
∗
p(z0 , . . . , zn , zn+1 ) = p̃(z0 , . . . , zn ) + (zn − z0 · zn+1 )2 . Now for any root (z0∗ , . . . , zn+1
) of p
∗
∗
∗
z1
zn
zn
∗
∗
we have zn+1 = z ∗ and qx ( z ∗ , . . . , z ∗ ) = 0. Thus v = zn+1 is always a lower bound for the
0
0
0
L1 -norm of solution points obtained by varying z0 above. It follows that the infimum of
∗
zn+1
(and thus the infimum of the L1 -norm) for all roots of p always equals the infimum
of the optimal solution measure for x.

Note that above the only variable we require to be different from 0 is the homogenization variable z0 . It would be interesting to see whether we can free ourselves from this
restriction. The result holds for any other (BSS computable) norm as well.
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3.5 Concluding remarks
In this section we have formally introduced the approximation classes AP XR , P T ASR
and F P T ASR along with approximation preserving reductions between problems in
NP OR . We have explicitly shown the existence of NP OR -complete problems with respect to approximation, and for both AP XR and P T ASR we have shown how to construct complete problems in a canonical manner.
An issue we completely have overlooked is numerical stability of our reductions. Our
reason for ignoring this is because we want to show completeness results for certain
mathematical problems (completeness results are the best evidence we have for showing
intractability of the problems under consideration). The reason why we can ignore
numerical stability of our reductions is because they are not meant to be applied for
solving instances of NPR -hard problems.
When it comes to actually solving instances of real number decision or optimization
problems numerical stability of the algorithms is of course very important. In [75]
the authors suggested that a “new generation” of BSS machines may be needed when
studying algorithms for such problems. This idea was further pursued in [32] where
the notion of round-off machines over R formally was defined. The authors study the
complexity of deciding NPR problems when both input and intermediate results are
rounded off using fixed-precision arithmetic, and they also study under which conditions
they cannot compute the answer. More results of this kind can be found in [29] where
the authors study similar questions using floating-point arithmetic (thus mimicking the
instructions available in a modern CPU).
While the similarities between the discrete and the real situation for approximation properties certainly go a long way, there are also some differences. For the class
≥0
NP ORR,R we have problems for which we can easily compute a feasible solution (so
≥0
the problems are not NP ORR,R -complete if PR 6= NPR ) but for which membership in
≥0
exp-AP XRR,R is not clear (consider e.g. minimizing the function value of a multivariate
≥0
polynomial). These problems “fall between” the class of NP ORR,R -complete problems
≥0
and the class exp-AP XRR,R . Such a gap between approximation classes do not exist
in the discrete setting. A similar intermediate class might exist between the class of
≥0
≥0
NP ORZ2 ,R -complete problems and the class exp-AP XRZ2 ,R .
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4 Logical Characterization of
Optimization Problems
Descriptive complexity allows us to study decision and optimization problems in a way
that is independent of computational models and algorithms. In this way we can express optimization problems by means of logical formulas and distinguish optimization
problems by the complexity of these logical formulas. First we will introduce descriptive
complexity in the discrete setting and then extend this theory to the real number setting.
Our goal is to give analogues over the real numbers to the discrete hierarchies of optimization problems presented in [60], which are a generalization of the results in [69].
We will develop a hierarchy for maximization problems and a hierarchy for minimization problems. Both hierarchies are based on logical characterizations of optimization
problems. Similar to the discrete setting it turns out that these hierarchies are quite
different.
The techniques and problems used to establish the results are closely related to the
study of counting problems over the real numbers in [68].
Descriptive complexity theory for the BSS model was studied first in [49] and further
in [31] and is based on metafinite model theory, which was introduced in [48]. However,
a self-contained introduction to this theory will be given in this section.

4.1 Descriptive complexity
This section provides a brief introduction to the areas of finite model theory and descriptive complexity. For a more detailed description of these areas one can consult the
textbooks [34, 52].

4.1.1 Finite structures
As an introducing example to descriptive complexity, consider two arbitrary graphs.
These graphs have something in common, namely that they both contain vertices and
they both have some edges connecting these vertices. That is, in order to describe one
of these graphs we would need to describe the set of vertices, and in addition to this the
edges between these vertices. The concept of vertices and edges is - loosely speaking a common characteristic that the two graphs share. We refer to this as the signature of
graphs. Of course there are most likely also differences between the two graphs, namely
the exact amount of vertices and which of them are connected by edges. This description
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of a particular graph could be referred to as a structure. We will now formalize these
ideas:
Definition 4.1. A signature τ is a finite set consisting of:
i) Relation symbols R1 , . . . , Rk which have arity r1 , . . . , rk ∈ N.
ii) Function symbols f1 , . . . , fs which have arity t1 , . . . , ts ∈ N.
iii) Constant symbols c1 , . . . , cl .
This signature remains fixed for all instances of a particular problem. In order to
describe instances of the problem under consideration we need a way to interpret such
signatures:
Definition 4.2. A τ -structure A consists of:
i) A finite set A 6= ∅ (referred to as the universe of A).
ii) Relations RiA ⊆ Ari , 1 ≤ i ≤ k.
iii) Functions fiA : Ati 7→ A, 1 ≤ i ≤ s.
iv) Constant elements cA
i ∈ A, 1 ≤ i ≤ l.
A
A is then defined as the tuple < A, R1A , . . . , RkA , f1A , . . . , fsA , cA
1 , . . . , cl > and the size
of A is defined to be |A|.
A is also called a finite structure of signature τ .

We illustrate these definitions using two examples of signatures:
Example 4.3. Consider directed graphs. Such graphs can be described using the following signature:
τ = {E}, E is a relation symbol of arity 2, k = 1, s = 0, l = 0 and R1 = E.
For finite structures of this signature we consider the universe A as the vertices of a
graph G such that E(u, v) iff there is a directed edge from vertex u to vertex v in G.
This signature “allows” graphs to have loops since it is possible to have E(u, u) for some
u ∈ A.
Example 4.4. Consider 3SAT instances. Such instances can be described using the
following signature:
τ = {C0 , C1, C2 , C3 }, all symbols are relation symbols of arity 3.
For finite structures of this signature we consider A = {1, . . . , n} as indices of the
variables in a 3SAT instance φ such that:
C0 (i, j, k) ⇔ xi ∨ xj ∨ xk is a clause in φ.
C1 (i, j, k) ⇔ xi ∨ xj ∨ xk is a clause in φ.
C2 (i, j, k) ⇔ xi ∨ xj ∨ xk is a clause in φ.
C3 (i, j, k) ⇔ xi ∨ xj ∨ xk is a clause in φ.
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When working with complexity theory we often use algorithms to check if our input
has a certain property - for graphs we may be interested in whether a given graph has
the property of being 3-colorable or the property of being connected.
We want to develop something similar on the logical side. Using logical formulas over
some signature τ we can express certain properties. For the discrete setting we will first
introduce first order logic:
Definition 4.5. Let V be a countable set of variables. These variables range over the
universe A. The language F O contains for each signature τ a set of formulas.
Atomic formulas are equalities vi = vj of variables, equalities vi = cj involving constant
symbols in τ , equalities vi = fj (v1 , . . . , vk ) involving k-ary function symbols in τ , and
expressions Ri (v1 , . . . , vk ) where Ri is a k-ary relation symbol in τ .
The set of formulas of F O is the smallest set containing all atomic formulas and
which is closed under boolean connectives and quantification ∃v(ψ) and ∀v(ψ) where
both existential and universal quantifiers range over A.
Example 4.6. Consider the τ -signature for graphs in Example 4.3. Using a logical
F O-formula we want to express the property that for all pairs of different nodes in the
graph there is a path of length 2 between them:
φ ≡ ∀u∀v(u = v ∨ ∃w[¬(u = w) ∧ ¬(v = w) ∧ E(u, w) ∧ E(w, v)]).
This formula is independent of any concrete finite structure. It only depends on the
τ -signature in Example 4.3. Now, for all finite structures A of this signature we can ask
whether A satisfies the formula φ. We say that A is a model of φ, written A |= φ, iff
the formula φ is true when interpreted over the finite structure A.
Unfortunately, the expressive power of first order logic is limited so we will generalize
this logic to a stronger form, namely existential second order logic. In first order logic
the existential quantifiers ask for the existence of an element from the finite universe,
such that this element has a certain property. In existential second order logic we will
formalize the notion of asking for the existence of a subset of the finite universe.
Definition 4.7. We say that ψ is an existential second order formula of signature τ if
ψ ≡ ∃X1 , . . . , ∃Xr φ where φ is a first order formula of signature τ ∪ X1 ∪ . . . ∪ Xr .
The symbols X1 , . . . , Xr are interpreted as relation symbols in φ. Each of the symbols
X1 , . . . , Xr have a fixed arity and are called relation variables.
Example 4.8. Consider the signature for 3SAT instances in Example 4.4. Using an
existential second order formula ψ we can express the property that a finite structure
A of this signature represents a satisfiable 3SAT instance. Let X be a relation variable
of arity 1 which represents assignment of values to the variables in the 3SAT instance:
X(i) iff variable xi has been assigned the value true in the 3SAT instance. Satisfiability
of a 3SAT instance can then be expressed using the following existential second order
formula:
ψ ≡ ∃X ⊂ A ( ∀ (x, y, z) ∈ A3 : [C0 (x, y, z) ⇒ X(x) ∨ X(y) ∨ X(z)] ∧
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[C1 (x, y, z) ⇒ ¬X(x) ∨ X(y) ∨ X(z)] ∧ [C2 (x, y, z) ⇒ ¬X(x) ∨ ¬X(y) ∨ X(z)] ∧
[C3 (x, y, z) ⇒ ¬X(x) ∨ ¬X(y) ∨ ¬X(z)] ).

It is no coincidence that satisfiability of 3SAT instances can be expressed using existential second order logic. The expressive power of existential second order logic is
captured by the following theorem by Fagin:
Theorem 4.9 ([36]). Let (F, F + ) be a decision problem of finite structures. Then
(F, F + ) ∈ NP iff there exists an existential second order formula ψ such that F + =
{D ∈ F | D |= ψ}.

4.1.2 R-structures and descriptive complexity over the real numbers
We now introduce the concept of metafinite structures over the real numbers, referred to
as R-structures, along with descriptive complexity over the real numbers. For a detailed
description, see [48, 49].
Definition 4.10. Let Ls and Lf be signatures as in Definition 4.1. Ls may contain
both relation, function and constant symbols. Lf may contain function symbols only.
A R-structure of signature σ = (Ls , Lf ) is a pair D = (A, F ) consisting of:
i) A finite structure A of signature Ls (see Definition 4.2), called the skeleton of D,
whose finite universe A will also be called the universe of D.
ii) A finite set F of functions Xi : Ati 7→ R interpreting the function symbols in Lf .
Example 4.11. Consider directed graphs with real weights on the edges. Such graphs
can be described using the following signature:
Ls = {E}, E is a relation symbol of arity 2.
Lf = {W }, W is a function symbol of arity 2.
For R-structures of this signature we consider the universe A as the vertices of a graph G
such that E(u, v) iff there is a directed edge from vertex u to vertex v in G, and W (u, v)
gives the real valued weight of this edge.
The signature σ = (Ls , Lf ) = ({E}, {W }) in Example 4.11 can be used to describe
directed graphs with real weights on the edges. As in the discrete setting the signature
σ remains fixed for all graphs, whereas it is the interpretation of the signature that
changes when another graph/instance is considered. Unlike the discrete setting a part
of the interpretation is now a finite set of functions whose values are points in R. The
domain for each of these functions is finite.
We will now define a real analogue to first order logic for finite structures in Definition 4.5. This will allow us to express certain properties of R-structures:
Definition 4.12. Let V be a countable set of variables. These variables range over the
universe A. The language F OR contains for each signature σ = (Ls , Lf ) a set of formulas
and terms. Each term t takes, when interpreted in some R-structure, values in either
the skeleton, in which case we call it an index term, or in R, in which case we call it a
number term. Terms are defined inductively as follows:
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i) The set of index terms is the closure of the set V of variables under applications
of function and constant symbols of Ls .
ii) Any real number is a number term.
iii) If h1 , . . . , hk are index terms and Xi is a k-ary function symbol of Lf , then
Xi (h1 , . . . , hk ) is a number term.
iv) If t, t′ are number terms, then so are t + t′ , t − t′ , t ∗ t′ , t/t′ and sign(t).

Atomic formulas are equalities hi = hj of index terms, equalities ti = tj and inequalities ti < tj of number terms, and expressions Pi (h1 , . . . , hk ) where Pi is a k-ary relation
symbol in Ls and h1 , . . . , hk are index terms.
The set of formulas of F OR is the smallest set containing all atomic formulas and
which is closed under boolean connectives and quantification ∃v(ψ) and ∀v(ψ).
Remark 4.13. a) We do not consider variables from V taking values in R.
b) We do not consider formulas ∃x(ψ) or ∀x(ψ) where x ranges over R.
c) Finally, neither do we consider functions from R to R.

Example 4.14. Consider the following first order formula over the signature given in
Example 4.11:
∀x∀y (E(x, y) ⇒ W (x, y) ≥ 0) .
Clearly a graph G is a model of this formula iff G has no edge with negative weight.

The definitions given so far in this section have nothing to do with complexity theory.
However, it is possible to establish a natural correspondence between elements in R∞
and R-structures, see [49]. In this report we will use this correspondence when talking
about decision problems on R-structures that belong to certain complexity classes in the
BSS model of computation. It is an easy exercise to show that all properties that can
be expressed using first order logic over R-structures are in complexity class PR in the
BSS model. Thus, as in the discrete setting, in order to describe complexity class NPR
using logic over R-structures, we need to consider an extension of first order logic:
Definition 4.15. We say that ψ is an existential second order formula of signature
σ = (Ls , Lf ) if ψ ≡ ∃Y1 . . . ∃Yr φ where φ is a first order sentence in F OR of signature
(Ls , Lf ∪ {Y1 , . . . , Yr }) where Y1 , . . . , Yr are interpreted as function symbols in φ. The
symbols Y1 , . . . , Yr each have a fixed arity and are called function variables. The sentence
ψ is true in a R-structure D of signature σ when there exist interpretations of Y1 , . . . , Yr
such that φ holds true on D. The set of existential second order formulas will be denoted
by ∃SOR . Together with the definition of first order logic it constitutes existential second
order logic.
For the characterization of optimization problems in this report we need an analogue
of Fagin’s theorem in the real number setting:
Theorem 4.16 ([49]). Let (F, F + ) be a decision problem of R-structures. Then
(F, F + ) ∈ NPR iff there exists an existential second order formula ψ such that F + =
{D ∈ F | D |= ψ}.
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4.2 Classes M AX-N PR and M IN -N PR
In this section we define classes MAX-NPR and MIN-NPR as two classes of optimization problems that are defined by certain logical conditions. These classes are extensions
of the corresponding discrete ones introduced in [60].
Definition 4.17. a) Let P be an optimization problem in whose instances are given
as R-structures over a fixed signature σ. Then P belongs to MAX-NPR iff for every
instance D of P with universe A, the maximum can be expressed as:
max |{x ∈ Au | D |= φ(x, S)}|.
S

Here, S is a finite sequence of functions each of some fixed arity from the universe A to
R and φ is a first order formula over σ ∪ {S}.
b) We obtain the subclasses MAX-Σ0,R , MAX-Σ1,R , MAX-Π1,R , MAX-Σ2,R and
MAX-Π2,R , respectively, by restricting φ above to be of the corresponding format. E.g.
MAX-Σ1,R is the class of maximization problems whose maximum is expressible via
max |{x ∈ Au | D |= ∃y ∈ At such that ψ(x, y, S)}|,
S

where ψ is a first order quantifier free formula.
We distinguish the subclasses of MAX-NPR by splitting φ up into a part consisting
only of first order quantifiers (by moving all quantifiers to the left in the first order
formula) and a part ψ, which is first order quantifier free. The type of quantifier used
first in the first order formula, and the number of times the quantifiers alternate between
existential and universal gives which subclass the optimization problem is in. The subscripted number denotes the number of quantifier blocks (0 indicates that no first order
quantifiers are used in the formula). The symbol Σ indicates that the formula starts
with an existential first order quantifier and Π indicates that the formula starts with a
universal first order quantifier.
c) In the same way the minimization classes MIN-NPR , MIN-Σ0,R , MIN-Σ1,R ,
MIN-Π1,R , MIN-Σ2,R and MIN-Π2,R are defined.
Notice that the formula φ must be fixed for all instances in order for an optimization
problem to be in class MAX-NPR or MIN-NPR . φ may only depend on the problem,
not on a particular instance.
Let us consider a typical optimization problem and express it logically.
Example 4.18. The MAX QPS problem is defined as:
Input: n, m ∈ N and polynomials p1 , . . . , pm with real coefficients, each of degree at
most 2 and each depends on at most 3 of the variables x1 , . . . , xn ;
Feasible Solution: x ∈ Rn ;
Measure: Number of polynomials pi , 1 ≤ i ≤ m, that have a root in x.
We give a logical description of the problem that places it in MAX-Σ0,R . First we
need a way to encode MAX QPS instances using R-structures. The universe A splits
into two parts. A1 = {1, . . . , n} represents indices for the variables x1 , . . . , xn ; A2 =
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{n + 1, . . . , n + m} represents indices of the polynomials. Then A = A1 ∪ A2 is the
finite universe of D. P is a relation symbol of arity 4 such that P (p, x, y, z) iff p is a
polynomial that depends on variables x, y and z where x, y and z are ordered indices.
We also have function symbols: C2 (p, x, y) gives the coefficient of the monomial x · y in
the polynomial p. C1 (p, x) gives the coefficient of the monomial x in the polynomial p.
C0 (p) gives the constant of the polynomial p. S is a function from A to R that represents
assignments of real values to variables.
The maximum number of polynomials having a common real zero can be expressed
as follows: A common root is coded via the function S : A1 7→ R (formally S must also
be defined for A2 but we have no need for these values so they can be ignored). Then
we look for
max |{(p, x, y, z) ∈ A4 | D |= P (p, x, y, z) ∧ g(p, x, y, z, S) = 0}|,

S:A1 7→R

where
g(p, x, y, z, S) ≡ C2 (p, x, y) · S(x) · S(y) + C2 (p, x, z) · S(x) · S(z)+
C2 (p, y, z) · S(y) · S(z) + C2 (p, x, x) · S(x)2 +
C2 (p, y, y) · S(y)2 + C2 (p, z, z) · S(z)2 +
C1 (p, x) · S(x) + C1 (p, y) · S(y) + C1 (p, z) · S(z) + C0 (p).
We see that the problem lies in MAX-Σ0,R , since the formula we use is first order
quantifier free.
Note that since finding this maximum is NPR -hard our results have more of a model
theoretic than complexity theory flavour, since the above problem is in the “lowest”
subclass of the maximization hierarchy.
Throughout this section we talk about certain problems (not) belonging to certain
subclasses. This is a bit misuse of notation. To be more precise, we mean that the
problem described with the given signature (does not) belong to a certain subclass. As
we shall see later, using a different signature for a problem can give different results for
membership in certain subclasses, even though the two different signatures are polynomially related seen from a complexity theory point of view.

4.3 Two hierarchies of optimization problems
Next we list some basic properties of problems in MAX-NPR and MIN-NPR . They
mirror the corresponding properties over finite structures in [60] and can basically be
shown by similar techniques, using additional results for R-structures given in [49].
First, it is clear that any problem P in MAX-NPR (MIN-NPR ) is a polynomially
R,Z∞
R,Z∞
2
2
bounded problem in NP OR,max
(NP OR,min
). By using the correspondence between
∞
elements in R and R-structures we can express instances of P as input to a BSS
machine as well. For any problem P the size of the first order formula φ is fixed. In
particular, the number of first order quantifiers is fixed, and since these quantifiers range
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over the finite universe A which is given as a part of the instance, we can in polynomially
time count the number of tupels in Au that satisfies φ. Polynomially boundedness holds
since the definition of problems in MAX-NPR (MIN-NPR ) asks for the maximum
(minimum) cardinality of certain subsets of Au , and this value is bounded by |A|u where
u depends only on the signature not on the instance.
The following proposition shows that the converse holds as well.
R,Z∞

2
Proposition 4.19. a) If P is a polynomially bounded problem in NP OR,max
, then
P ∈ MAX-NPR .

b) MAX-NPR = MAX-Π2,R .
c) MAX-Σ2,R = MAX-Π1,R .
Proof. a) The proof idea is given in [60]; we just sketch the differences when dealing
with R-structures. Let D be an instance of P encoded as a R-structure with universe A,
S : Ak 7→ R a function variable used to encode feasible solutions and f : (D, S) 7→ Z∞
2
the measure function which has to be maximized with respect to S (w.l.o.g. we assume
feasible solutions can be encoded using a single function variable only).
Polynomial boundedness gives max f (D, S) ≤ nm for some fixed m where n := |A|.
S
Define a decision problem in NPR as follows: Given a R-structure D and a function
T : Am 7→ {0, 1} is there an interpretation of S : Ak 7→ R such that
f (D, S) ≥ |{x ∈ Am | T (x) = 1}|.

(4.1)

According to Theorem 4.16 for decision problems over R-structures there is an existential second order formula ψ such that (4.1) holds iff (D, T ) |= ψ. W.l.o.g. we assume
ψ only contains a single function variable, say Y : Ak 7→ R. Then the following problem
belongs to MAX-NPR and gives the maximum value for f we are looking for:
max

T :Am 7→{0,1}
Y :Ak 7→R

|{x ∈ Am | D |= ψ(T, Y ) ∧ T (x) = 1}|.

b) The proof of Theorem 4.16 in [49] shows that in the proof of part a) we can choose
ψ to be of the form
ψ ≡ ∀v ∈ Am1 ∃w ∈ Am2 φ(v, w, T, Y ),
where φ is first order quantifier free and thus ψ ∈ Π2,R .
c) Here, the corresponding proof from [60] can be adapted almost word by word.
The idea is to remove the first existential quantifier in a Σ2,R -formula ∃x ∀y φ by
introducing an additional real valued function R, which forces x to be unique. For sake
of completeness consider a MAX-Σ2,R problem:
max |{w ∈ Au | D |= ∃x ∈ At ∀y ∈ Ar φ(w, x, y, S)}|.

S:Ak 7→R
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(4.2)

4.3 Two hierarchies of optimization problems
Now, for each w ∗ that satisfies the above formula a witness x∗ ∈ At is forced to be unique
by adding a new function R : Au × At 7→ {0, 1} together with the Π1,R -formula
ψ ≡ R(w ∗ , x∗ ) = 1 ∧ ∀x1 , x2 ([R(w ∗ , x1 ) = 1 ∧ R(w ∗ , x2 ) = 1] ⇒ x1 = x2 ) .
Then the maximum of (4.2) is given as well by the MAX-Π1,R description
max

S:Ak 7→R
R:Au ×At 7→{0,1}

|{(w ∗ , x∗ ) | D |= ∀y ∈ Ar φ(w ∗, x∗ , y, S) ∧ ψ(w ∗ , x∗ , R)}|.

R,Z∞

2
which is polynomially bounded,
Proposition 4.20. a) If P is a problem in NP OR,min
then P ∈ MIN-NPR .

b) MIN-NPR = MIN-Σ2,R .
c) MIN-Π1,R = MIN-Σ2,R .
d) MIN-Π0,R = MIN-Σ1,R .
Proof. a) The proof is very similar to that of Proposition 4.19 part a). Let D be an
instance of P encoded as a R-structure with universe A, S : Ak 7→ R a function variable
used to encode feasible solutions and f : (D, S) 7→ Z∞
2 the measure function, which has
to be minimized with respect to S.
Polynomially boundedness gives min f (D, S) ≤ nm for some fixed m where n = |A|.
S
As before we define a decision problem in NPR : Given a R-structure D and a function
T : Am 7→ {0, 1} is there an interpretation of S : Ak 7→ R such that
f (D, S) ≤ |{x ∈ Am | T (x) = 1}|.

As in the proof of Proposition 4.19 part a) we use Theorem 4.16 and get an existential second order formula ψ and the following problem in MIN-NPR , which gives the
minimum value for f :
min

|{x ∈ Am | D |= ψ(T, Y ) ⇒ T (x) = 1}|

min

|{x ∈ Am | D |= ¬ψ(T, Y ) ∨ T (x) = 1}|.

T :Am 7→{0,1}
Y :Ak 7→R

=

T :Am 7→{0,1}
Y :Ak 7→R

b) Similar to part b) of Proposition 4.19. However, as in the proof for the discrete
setting [60], notice the negation of the Π2,R -formula, which then becomes a Σ2,R -formula
when we are dealing with minimization problems.
c) Here we need to eliminate an existential quantifier. The proof is essentially the
same as part d) except in this case the formula φ also contains a block of universal
quantifiers.
d) The corresponding proof in [60] can be transferred to R-structures very easily. We
need to remove an existential quantifier from our formula, ending up with a quantifier
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free formula, which produces the same optimal value. How to do this and the proof that
the optimal value remains the same is equivalent to that in the discrete setting and will
not be repeated here.

4.4 The 4-level maximization hierarchy
We turn to the main results of this section. In this section we prove that MAX-NPR
can be decomposed into a hierarchy of four distinct levels. More precisely, we show:
Theorem 4.21. MAX-Σ0,R ( MAX-Σ1,R ( MAX-Π1,R ( MAX-Π2,R .
The theorem is a real number version of Theorem 2 in [60]. However, the problems
we use (as well as our proofs) to establish it are different, since they have to involve
metafinite structures. In order to show the above separations we consider the following
real valued maximization problems.
Example 4.22.
a) For fixed d ∈ N the MAX HNSR (d) problem (MAX HILBERT
NULLSTELLENSATZ) is defined as:
Input: n, m ∈ N, m polynomials p1 , . . . , pm of degree at most d with real coefficients in n variables x1 , . . . , xn ;
Feasible Solution: x ∈ Rn ;
Measure: Number of polynomials pi , 1 ≤ i ≤ m, that have a root in x.
b) The MAX SIGN CHANGES problem is defined as:
Input: n ∈ N together with a sequence of n ordered reals (x1 , . . . , xn );
Feasible Solution: S ⊂ {1, . . . , n} such that for each i ∈ S there exists a j
such that we have xj 6= 1 and xi · xj < 0;
Measure: Cardinality of S.
The above problems first become interesting in this framework after we formalize
them as problems for metafinite structures. There are several ways to do so depending
on which information we include in the structure, that is, how we choose the signature.
This will in particular have impact on the question to which subclass of MAX-NPR the
problems belong. Moreover, it will be crucial for our separation results.

4.4.1 The non-ordered version of the MAX HNSR (d) problem
Let us start with MAX HNSR (d). In the first formalization we take, similarly as in
Example 4.18, a R-structure with universe A := {0, . . . , n} ∪ {n + 1, . . . , n + m}. The
signature includes one unary relation symbol P ol ⊆ A indicating whether an x ∈ A is
a polynomial or a variable. It as well includes a function symbol C : Ad+1 7→ R that
is interpreted as representing the coefficients of the monomials in the corresponding
polynomial.
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Thus, we consider a polynomial system given as R-structure D = (A, P ol, C) where
A = {0, . . . , n + m}, P ol(i) iff i ∈ {n + 1, . . . , n + m} and

0 if ¬P ol(k),
C(i1 , . . . , id , k) =
coefficient of xi1 · xi2 · . . . · xid in polynomial k if P ol(k).
In order to represent as well monomials of degree strictly less than d, we guarantee in
all our formulas x0 := 1.
This time we do not include a linear ordering on A in the vocabulary. We therefore
denote this formalization of the MAX HILBERT NULLSTELLENSATZ problem by
NORD MAX HNSR (d). It is almost straightforward to see that MAX HNSR (d) belongs
to MAX-NPR and thus by Proposition 4.19 to MAX-Π2,R .
Theorem 4.23. NORD MAX HNSR (4) 6∈ MAX-Π1,R .
Proof. Suppose the claim to be false. For a corresponding input structure D = (A, P ol,
C) of the problem NORD MAX HNSR (4) the maximum can be expressed as
max
|{x ∈ Au | D |= ∀ y ∈ As φ(x, y, S)}|,
t

S:A 7→R

(4.3)

where φ is first order quantifier free and s, t, u ∈ N are fixed. For an even n ∈ N consider
the following polynomials fi , 1 ≤ i ≤ n2 , in variables x1 , . . . , xn and of degree 4, which
will be important for constructing an appropriate input structure:
f1 (x1 , x2 ) = (x1 · x2 − 1)2 + x21
f2 (x3 , x4 ) = (x3 · x4 − 1)2 + x23
..
.
fi (x2i−1 , x2i ) = (x2i−1 · x2i − 1)2 + x22i−1
..
.
f n2 (xn−1 , xn ) = (xn−1 · xn − 1)2 + x2n−1 .
Define a new polynomial p(x1 , . . . , xn ) of degree 4 by
n

p(x1 , . . . , xn ) =

2
X

i=1

fi (x2i−1 , x2i ) − ǫ,

where ǫ is an arbitrary, fixed real number in ]0, 1[. It is the (single) polynomial p
that we now consider as input for NORD MAX HNSR (4). As input R-structure it is
represented as D = (A, P ol, C) with A := {0, 1, . . . , n} ∪ {n + 1}, P ol(i) iff i = n + 1
and C(i, j, k, ℓ, n + 1) gives the coefficient of xi · xj · xk · xℓ in p, where x0 := 1 is used to
represent monomials of degree less than four. For example, the constant part n2 − ǫ of p
is given as C(0, 0, 0, 0, n + 1).
We claim that p has a real zero for any choice ǫ > 0. In order to see this, note that each
of the polynomials fi satisfies fi (x2i−1 , x2i ) > 0. Non-negativity is obvious by definition
whereas strict positivity follows from the fact that x2i−1 := 0 results in the function
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value = 1. Moreover,

inf

x2i−1 ,x2i

fi (x2i−1 , x2i ) = 0 by choosing x2i−1 := x−1
2i for x2i > 0 and

now considering the limit lim fi ( x12i , x2i ). For any ǫ > 0 if we choose the x2i ’s large
x2i →∞

enough such that fi ( x12i , x2i ) < 2ǫ
we get a negative function value for p. Since p clearly
n
has positive values continuity implies the claim.
Thus, the above formula (4.3) has to give the result 1. Let S ∗ : At 7→ R be an
assignment and x∗ ∈ Au a tuple such that D |= ∀y ∈ As φ(x∗ , y, S ∗). We construct
a substructure D ′ of D that still gives a result of at least 1 for (4.3) but encodes a
polynomial without real zeros.
Let i0 be such that no component of the particular x∗ ∈ Au chosen above equals x2i0 .
For n large enough (e.g. n > 2u + 1) such an i0 exists since k is fixed (independently of
n). Define a new input structure D ′ by deleting 2i0 from the universe (and identifying the
other elements of A with those in the new universe A′ correspondingly). Furthermore,
P ol′ and C ′ are defined as for D on the remaining arguments. The related polynomial
p′ then is given by
n

p′ (x1 , . . . | . . . , xn ) =
|{z}
6=x2i0

2
X
i=1,

fi − ǫ + (−1)2 + x22i0 −1 .

i6=2i0

As a substructure D ′ still satisfies the universal formula ∀y ∈ (A′ )s φ(x∗ , y, S ′∗). Therefore,
max

S ′ :(A′ )t 7→R

|{x ∈ (A′ )u | D ′ |= ∀y ∈ (A′ )s φ(x, y, S ′)}| ≥ 1.

But
p′ (x1 , . . . | . . . , xn ) ≥ x22i0 −1 + 1 − ǫ ≥ 1 − ǫ > 0.
|{z}
|{z}
6=x2i0

fi ≥0

Thus, p′ has no real zero but our formula φ counts at least one. Contradiction.

4.4.2 The ordered version of the MAX HNSR (d) problem
In order to separate MAX-Σ1,R from MAX-Π1,R we represent instances of MAX
HNSR (d) in a different manner as R-structures. This will push the problem into class
MAX-Π1,R . For a system p1 , . . . , pm over x1 , . . . , xn the universe again is A1 ∪ A2 , where
A1 = {0, . . . , n} and A2 = {n + 1, . . . , n + m}. A unary relation P ol again identifies the
polynomials: P ol(i) iff i ∈ A2 . As before, C : Ad+1 7→ R denotes the coefficients of the
pi ’s. In addition, the signature will contain a linear ordering ρ : A1 7→ {0, . . . , n} as well
as nullary relation symbols 0 and n giving the first and the last element in A1 (w.r.t. ρ).
Note that 0 and n as well as extensions ρd , 0d , nd of ρ, 0 and n to Ad1 (lexicographically
ordering) can be defined by a universally quantified first order formula, see [31].
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The presence of this linear ordering is the reason why the proof of Theorem 4.23 cannot
be applied in this setting: If we remove an element from the universe, the ordering will
be invalid.
Representing the MAX HNSR (d) problem that way, we obtain its ordered version,
which we denote by ORD MAX HNSR (d). In what follows, we fix d = 4.
Theorem 4.24. ORD MAX HNSR (4) ∈ MAX-Π1,R \ MAX-Σ1,R .
Proof. Concerning membership in MAX-Π1,R let ρ4 , 04 , n4 denote the above mentioned
extensions of the ranking ρ, 0 and n to A41 (see [31] for how to express that in Π1,R ).
Then for an input R-structure D(A, P ol, C, ρ, 0, n) of ORD MAX HNSR (4) the maximum number of polynomials having a common real zero is given as
max

Y

where

X:A1 7→R,
:A41 ×A2 7→R

|{i ∈ A2 | D |= P ol(i) ∧ φ1 ∧ φ2 ∧ φ3 }|,

φ1 ≡ Y (04 , i) = C(04 , i)
φ2 ≡ Y (n4 , i) = 0
φ3 ≡ ∀u, v ∈ A41 ρ4 (u) = ρ4 (v) + 1 =⇒
Y (u, i) = Y (v, i) + C(u, i) · X(u1 ) · X(u2) · X(u3 ) · X(u4 ).

Here, X is interpreted as a variable assignment giving the maximum, Y (•, i) describes the
intermediate sum when evaluating polynomial i in X by cycling through all monomials
given by u ∈ A41 (expressed by φ3 ). Finally, φ1 and φ2 guarantee to start and finish the
evaluation process with the correct values.
In order to establish non-membership in class MAX-Σ1,R assume that the maximum
is expressible via
max |{x ∈ Au | D |= ∃y ∈ As φ(x, y, S)}|,

S:At 7→R

(4.4)

where φ is first order quantifier free. Consider once more the polynomial system (consisting of a single polynomial) used to prove Theorem 4.23. This time we represent the
system by an ordered R-structure D = (A, P ol, C, ρ, 0, n). Let x∗ ∈ Au , y ∗ ∈ As , S ∗ :
At 7→ R satisfy
D |= φ(x∗ , y ∗ , S ∗)
according to our assumption that formula (4.4) works correctly and the earlier proven
fact that polynomial p has a real zero. φ is quantifier-free, so φ(x∗ , y ∗, S ∗ ) contains
at most r elements from A, where r is a constant independent from D. Choose the
size n of universe A such that n is even and r < n2 . Then there is a variable among
{x2 , x4 , . . . , xn }, which does not occur in φ(x∗ , y ∗, S ∗ ). Without loss of generality let xn
be that variable. Now define a new structure D ′ representing a polynomial p′ , which is
generated as before by the polynomials fi , 1 ≤ i ≤ n2 . The only difference between p and
p′ is the polynomial f n2 , which now has the form
f n2 (xn−1 , xn ) := (xn−1 · xn − 1)2 + x2n−1 + x2n .
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Therefore, in contrast to p the polynomial p′ contains the monomial x2n with coefficient
1, whereas in p the coefficient was 0. The other fi′ s remain unchanged.
Since xn was not occuring in φ(x∗ , y ∗, S ∗ ) the new structure D ′ as well satisfies
D ′ |= φ(x∗ , y ∗ , S ∗).

This implies

max |{x ∈ Au | D ′ |= ∃y ∈ As φ(x, y, S)}| ≥ 1.

S:At 7→R

But
p

′

=

n
−1
2

P

i=1

fi (x2i−1 , x2i ) + (xn−1 · xn − 1)2 + x2n−1 + x2n − ǫ

> x2n−1 · x2n − 2xn−1 · xn + 1 + x2n−1 + x2n − ǫ
≥ (xn−1 − xn )2 + 1 − ǫ
≥ 1 − ǫ > 0.

Thus, p′ has no real zero, and (4.4) does not give the correct result. The theorem is
proven.

4.4.3 The MAX SIGN CHANGES problem
The last separation will be established using the MAX SIGN CHANGES problem introduced in part b) of Example 4.22. We represent its instances as R-structures D = (A, C),
where A = {1, . . . , n} and C : A 7→ R. The number we are looking for is given as
|{i ∈ A | D |= ∃ℓ ∈ A C(ℓ) 6= 1 ∧ C(i) · C(ℓ) < 0}|.

(4.5)

We express this problem a bit artificially as a problem in MAX-Σ1,R by noting that
the value given in (4.5) equals
max |{i ∈ A | D |= ∃ℓ ∈ A C(ℓ) 6= 1 ∧ C(i) · C(ℓ) < 0}|

S:At 7→R

since the Σ1,R -formula does not at all depend on S. However, we shall now see how the
particular form of the problem is useful in order to separate the two lowest classes of
our maximization hierarchy.
Theorem 4.25. MAX-Σ0,R ( MAX-Σ1,R .
Proof. Assume the MAX SIGN CHANGES problem to belong to MAX-Σ0,R . Let
max
|{x ∈ Au | D |= φ(x, C, S)}|
t

S:A 7→R

(4.6)

be a corresponding formula, φ first order quantifier free. W.l.o.g. assume t = 1 (the
following arguments hold as well for arbitrary t and more than one function S). For
n ∈ N and each 1 ≤ i ≤ n consider the structures D (i) representing the sequence
(1, 0, . . . , 0, |{z}
−1 , 0, . . . , 0). For these structures we get the result 1 as maximum (note
i
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that the condition ∃ℓ C(ℓ) 6= 1 in the problem’s definition excludes position i as solution).
Let x(i) ∈ Au , S (i) : A 7→ R be such that D (i) |= φ(x(i) , C, S (i) ). If n is large enough we
can find a j ∈ A such that φ(x(i) , C, S (i)) does not depend on j. Therefore, we can assume
that S (i) (j) := S (i) (i) ∈ R, i.e. we just require the value S (i) (j) to be the same as S (i) (i).
This does not affect validity of φ(x(i) , C, S (i) ). On the other hand, x(i) has to depend on
i because otherwise the formula would not realize a change in the input structure from
C(i) = −1 to C(i) = 0.
The following observations now are crucial:
i) Each atomic subformula of the finite-structural part A := (A, =) in φ either has the
form i1 = i2 or i1 6= i2 , i1 , i2 ∈ A. Since x(i) does not depend on j we can define another
tuple x(j) ∈ Au by replacing each occurence of i as component in x(i) by j. The above
fact implies that x(j) as well satisfies those subformulas of φ, which just refer to the finite
structure A. This is true because for all k ∈ A, k 6= {i, j} it is k = i ⇔ k = j (recall
that the only relation occuring in A is equality).
ii) Next, consider the metafinite parts of φ, i.e. those subformulas including real constants or constructs depending on C or S. The atomic subformulas of this type are
polynomial (in-)equalities with real constants originating from the constants occuring
in φ (a finite set), real numbers C(ℓ) for some ℓ ∈ A and real variables S(ℓ) for some
ℓ ∈ A. More precisely, searching for an S : A 7→ R that realizes the maximum value in
(4.6) corresponds to searching adequate reals S(ℓ).
Consider the structure D (i,j) representing the sequence (1, 0, . . . , 0, |{z}
−1 , 0, . . . , 0, |{z}
−1 , 0,
i

(i,j)

(i)

j

(i)

. . . , 0). Then D
|= φ(x , C, S ) because the latter does not depend on j and the
two structures D (i,j) and D (i) only differ in the value C(j).
Next, i) and ii) show that D (i,j) |= φ(x(j) , C, S (i) ) because replacing all occurences of
i in φ(x(i) , C, S (i) ) by j will result in the tuple x(j) that satisfies those parts of φ, which
only involve the underlying finite structure, whereas for all metafinite parts of φ the
values we obtain from C and S (i) do not change under the above replacement (due to
our requirement S (i) (j) = S (i) (i)). Since obviously x(i) 6= x(j) it follows
max |{x ∈ Au | D (i,j) |= φ(x, C, S)}| ≥ 2,

S:A7→R

whereas the correct result for D (i,j) is 1 (here it is important that we required the value
we are looking for to differ from 1). We obtain a contradiction.

4.5 The 2-level minimization hierarchy
Here we show that the hierarchy of polynomially bounded minimization problems in
MIN-NPR consists of the two classes remaining from Proposition 4.20:
Theorem 4.26. MIN-Π0,R ( MIN-Π1,R .
This is a real number version of Theorem 4 in [60].
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We consider the MIN DIFFERENT FUNCTION VALUES problem again. We present
polynomial systems by R-structures as done in Theorem 4.23. Since the problem is
polynomially bounded and thus belongs to class MIN-Π1,R using Proposition 4.20.
Theorem 4.27. MIN DIFFERENT FUNCTION VALUES 6∈ MIN-Π0,R .
Proof. Let H1 be an instance with optimal measure m∗ (H1 ) = k, where k ≥ 2. We
denote the corresponding interpretations of relation and function symbols by 01 , P ol1
and C1 . Let H2 with 02 , P ol2 , C2 be an isomorphic copy of H1 . Clearly m∗ (H2 ) = k
as well. We define a new structure H representing a polynomial system consisting of
the original set of polynomials and its copy (in new variables). The R-structure H is
obtained as follows: The universe A of H is the disjoint union of the universes of H1
and H2 except that we identify the elements 01 and 02 in the new structure (we use the
same homogenization variable). The interpretation of the relation P ol as well as of the
function C in H is by using the obvious extensions of the corresponding interpretations
in H1 , H2 . For those arguments where C1 , C2 are undefined we define C to have the value
0. Clearly m∗ (H) = k since the two sets of polynomials in the union have no variables
in common and each set has optimal value k.
Assume there is a quantifier free formula ψ over R-structures, which gives the optimal
value of MIN DIFFERENT FUNCTION VALUES by minimizing over a real valued
function S. For the structure H let X denote an assignment to this function that
realizes the minimum value k :
k = |{w ∈ At |(H, X) |= ψ(w, X)}|.
Let X1 , X2 be the restrictions of X to the structures H1 , H2 , respectively. For both
structures the minimum value is k and we obtain
k ≤ |{w ∈ AtH1 |(H1 , X1 ) |= ψ(w, X1)}|
and
k ≤ |{w ∈ AtH2 |(H2 , X2 ) |= ψ(w, X2)}|.
Since AH1 and AH2 contain only the element 0 in common, at most one element w
(namely the one with all components 0) can occur as satisfying assignment in both
above formulas. All the others are different when considered as elements in the disjoint
union At .
Now ψ is quantifier free; therefore, all w satisfying the formula in one of the two
structures H1 , H2 yield (with respect to X) a satisfying assignment in H as well, and at
most a single w can occur twice. Because k ≥ 2 it follows
k < 2 · k − 1 ≤ |{w ∈ At |(H, X) |= ψ(w, X)}| = k.
We arrive at a contradiction.
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4.6 Concluding remarks
In this section we continued the study of optimization problems. A subset of the problems in NP OR has been studied with respect to their logical characterization, which
have led to two hierarchies of optimization problems; one for maximization problems
which consists of 4 distinct levels, and one for minimization problems which consists of
2 distinct levels. This work is a generalization of the corresponding discrete hierarchies
introduced in [60].
The difference between the computational complexity of checking for a certain property versus the complexity of expressing that same property using logic is illustrated
in Section 4.4.3. It is shown that the MAX SIGN CHANGES problem is not in class
MAX-Σ0,R so it does not have a simple logical characterization, but it is trivially seen
to be in complexity class P OR . On the other hand, the NPR -hard problem MAX QPS
is in class MAX-Σ0,R .
An interesting property about the real number optimization problems that can be
expressed logically in our framework, is that we for efficient algorithmic purposes can
spend any amount of time analyzing the existential second order formula expressing the
problem under consideration, because the size of this formula is independent of the size
of the instances.
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5 Characterizing Complexity Class VP
Where Sections 3 and 4 mainly have been about studying intractable problems, we
will instead focus on tractable problems in this section. Also, we will be considering
evaluation problems instead of optimization problems. The results we obtain in this
section holds for any field, whereas most of the previous results required the underlying
field to be R.
In this section we establish several results about the complexity of evaluating special
cases of the permanent and hamiltonian polynomials. Most of our results gives matching
upper and lower bounds for the complexity, thus giving an equivalence with a class of
arithmetic circuits. Such equivalence results are twofold: Mainly they give an upper
bound for the amount of ressources needed to evaluate these special cases of the permanent and hamiltonian polynomials. And the matching lower bound tells us that we
cannot expect to do it better (unless an unlikely collapse of complexity classes is shown
to be true). On the other hand, the equivalence also provides us with an alternative
characterization of that class of arithmetic circuits, giving a new method to evaluate
such circuits.
It is well known that many NP -complete graph problems become easy to solve (some
even trivial) if we are restricted to graphs that are trees. However, this is a very severe
restriction on the input if one considers applications of such results. But it turns out
that we don’t have to restrict ourselves to trees in order to obtain efficient algorithms
that exploits that in trees the subtrees can be processed independently of each other.
If a graph in a certain sense “looks” like a tree, and have some of the properties we
know from trees, then that turns out to be sufficient to obtain efficient algorithms for
many NP -complete graph problems. This is referred to as bounded treewidth and were
introduced by Robertson and Seymour in their work on graph minors [73].
It was shown already in [24] that both the permanent and hamiltonian polynomials
can be evaluated in polynomial time if the underlying matrix has bounded treewidth.
An earlier result of this type is Kasteleyn’s theorem [57] from 1967 which shows that
the sum of weights of perfect matchings (see Definition 2.23) in a planar graph can
be evaluated in polynomial time. One can try to turn these evaluation methods into
general purpose evaluation algorithms by means of p-projections (see Definition 2.18).
As an example, one could try to evaluate a polynomial P by constructing a matrix M
of bounded treewidth such that:
i) Entries of M are variables of P , or constants from the underlying field.
ii) The permanent of M is equal to P .
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An immediate question to ask is whether we can do this for every polynomial - that
is, check if this evaluation method is universal. Closely related to this question are
the complexity theoretical questions, namely to study how efficient such a method of
evaluation is.
In this section we establish the following results (with slight abuse of notation):
i) permanent/hamiltonian/perfect matchings(bounded treewidth matrix) ≡ formulas
ii) permanent/hamiltonian/perfect matchings(bounded pathwidth matrix) ≡ (weakly) skew circuits of bounded width ≡ formulas
iii) formulas ⊆ permanent/hamiltonian/perfect matchings(bounded cliquewidth matrix) ⊆ V P
iv) perfect matchings(planar graph) ≡ (weakly) skew circuits
These results have been published in the papers [40] and [41]. The first results we
obtained in this research area was related to the permanent and hamiltonian polynomials
of matrices of bounded treewidth, and to perfect matchings in planar graphs. These
results were published in [40]. This research was then continued in relation to bounded
pathwidth matrices and bounded cliquewidth matrices, and these results were published
in [41].

5.1 Definitions of graph-width
In Section 2 the permanent and hamiltonian polynomials were defined using cycle covers in graphs (Definition 2.22). The special cases of the permanent and hamiltonian
polynomials which we consider in this report are defined by putting restrictions on how
edges are allowed to be used in these graphs.

5.1.1 Treewidth and pathwidth
In this section we formally define the notions of treewidth and pathwidth.
Definition 5.1. Let G = hV, Ei be an undirected graph. A k-tree-decomposition of G
is a tree T = hVT , ET i such that:
i) For each t ∈ VT a subset Xt ⊆ V of size at most k + 1 (these subsets of V are
sometimes referred to as bags).
ii) For each edge (u, v) ∈ E there is a t ∈ VT such that {u, v} ⊆ Xt .
iii) For each vertex v ∈ V the set {t ∈ VT |v ∈ Xt } forms a (connected) subtree of T .
The treewidth of G is then the smallest k such that there exists a k-tree-decomposition
of G.
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Figure 5.1: A graph with 20 vertices and a 2-tree-decomposition of it

Remark 5.2. The reason why each Xt is allowed to have cardinality k + 1 in a k-treedecomposition of a graph, is because we naturally would like to have graphs that are
trees to have treewidth 1.
See Figure 5.1 for an example of a graph and a 2-tree-composition of it. A 2-treedecomposition is the best we can obtain because of subgraphs of size 3 that are cliques.
Closely related to the subject of treewidth is pathwidth, also introduced by Robertson
and Seymour [72]. Matrices of bounded pathwidth are special cases of matrices that have
bounded treewidth. Trees have treewidth 1 but can have arbitrarily high pathwidth.
Definition 5.3. Let G be an undirected graph. A k-tree-decomposition T of G is also
a k-path-decomposition of G if the “tree” T is a path. The pathwidth of G is then the
smallest k such that there exists a k-path-decomposition of G.
The treewidth (pathwidth) of a directed graph is defined as the treewidth (pathwidth)
of the underlying, undirected graph. The treewidth (pathwidth) of a matrix M is defined
as the treewidth (pathwidth) of its underlying graph GM (see Definition 2.20).
While tree-decompositions seem to be the most “natural” way of defining the concept of bounded treewidth, it is not the only way. There is an equivalent definition of
treewidth in terms of certain graph grammars called HR algebras [22]:
Definition 5.4. A graph G has a k-tree-decomposition iff there exists a set of source
labels of cardinality k + 1 such that G can be constructed using a finite number of the
following operations:
i) vera , loopa , edgeab (basic constructs: create a single vertex with label a, a single
vertex with label a and a looping edge, two vertices labeled a and b connected by
an edge).
ii) rena↔b (G) (rename all labels a as labels b and rename all labels b as labels a).
iii) f orga (G) (forget all labels a).
iv) G1 // G2 (composition of graphs: any two vertices with the same label are identified as a single vertex).
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Example 5.5. Cycles are known to have treewidth 2. Here we show that they have
treewidth at most 2 by constructing G, a cycle of length l ≥ 3, using {a, b, c} as the
set of source labels. First we construct G1 by the operation edgeab . For 1 < i < l we
construct Gi by operations f orgc (renb↔c (Gi−1 // edgebc ). Finally G is then constructed
by the operation Gl−1 // edgeab .
Algorithms exploiting bounded treewidth of the input in order to solve NP -hard problems first appeared in [3] and [8]. Here we give an example of an application of bounded
treewidth by explaining how the NP -complete problem 3-COLOR (deciding if a graph
is 3-colorable) becomes polynomial time solvable for graphs of bounded treewidth [44]:
Example 5.6. Let G be an undirected, unweighted graph of treewidth k, and let T =
hVT , ET i be a k-tree-decomposition of G. For t ∈ T we denote by Tt the subtree of T
rooted at t, and by Gt we denote the subgraph of G induced by the vertices that belong
to Xu for some u ∈ Tt . We process T in a bottom-up manner:
For every node t ∈ VT we compute the set of compatible colorings, which is the set of
all ways we can 3-color the vertices in Xt such that each of these colorings coincides with
at least one 3-coloring of Gt . If t is a leaf of VT , then we compute the set of compatible
colorings by checking each of the at most 3k+1 ways of assigning colors to the vertices
in Xt . This gives the set of compatible colorings for t since t is a leaf. If t is an internal
node of VT , then we first check which of the at most 3k+1 ways of assigning colors to
the vertices in Xt are 3-colorings of the vertices in Xt . Then for each child c of t we
“eliminate” those colorings that do not coincide with at least one of the compatible
coloring for c. When all children of t have been processed in this way we have the set of
compatible colorings for t. Finally, G has a 3-coloring iff the set of compatible colorings
for the root r of T is non-empty. Since k is a constant this algorithm runs in time
polynomial in |T |, which we can assume to be polynomial in |G|.
Computing the treewidth of a graph is NP -hard due to [1]. However, Bodlaender
showed that deciding if a graph has treewidth at most k is “fixed-parameter tractable”
(treewidth k naturally being the parameter), and if the answer is “yes” then the algorithm also produces such a tree-decomposition in linear time [12]. This result is mainly
of theoretical importance since the exponential blowup in running time increases very
fast when k grows. For small values of k other, more efficient, algorithms for computing
tree-decompositions exist, see e.g. [2, 67, 74].
Based on this one should not conclude that algorithms for graphs of bounded treewidth
are not usable for applications when k > 4, since we do not have efficient algorithms for
recognizing such graphs. For applications one should pay attention to scenarios where
the tree-decomposition is (more or less directly) given along with the construction of
the graph in that application. In such cases one does not need an efficient algorithm for
computing tree-decompositions in general. An example of this can be found in [78] where
the authors prove that all Modula-2 and all goto-free Algol and Pascal programs have
control-flow graphs with bounded treewidth. They show how the tree-decomposition
efficiently is constructed based on the control-flow graph (which efficiently is constructed
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based on the source code to be compiled). Finally, they utilize this tree-decomposition
to make a good coloring of the interference graph for the program.
Treewidth can be approximated with a performance ratio of O(log(n)) in polynomial
time [14] (and thus is in complexity class log-AP X). It is an open question whether it
is in complexity class AP X as well.
With respect to bipartite adjacency graphs (see Definition 2.24) we have the following
connection:
Lemma 5.7. If G has treewidth (pathwidth) k then BA(G) has treewidth (pathwidth) at
most 2 · k + 1.
Proof. Let hT, (Xt )t∈VT i be a k-tree(path)-decomposition of G. It is clear that hT,
(Xt′ )t∈VT i, where Xt′ = {u+ , u− |u ∈ Xt }, is a tree(path)-decomposition of BA(G) of
width at most 2 · k + 1.

5.1.2 Cliquewidth, NLCwidth and m-cliquewidth
Although there have been plenty of results related to bounded treewidth matrices, it is
somewhat dissatisfying that there still are classes of “trivial” graphs that have arbitrarily
high treewidth, but for which we have efficient algorithms for solving NP -hard problems.
Cliques are an example of such graphs.
Cliquewidth (and closely related to it: NLCwidth and m-cliquewidth) is another notion of graph-width. For defining the treewidth of a graph we saw two completely
different characterizations in Section 5.1.1, namely tree-decompositions (Definition 5.1)
and a graph grammar (Definition 5.4). For cliquewidth we do not know of two different
characterizations - in this report our only characterization is by means of a graph grammar, that was first introduced in [23]. Our motivation for studying graphs of bounded
cliquewidth is the same as for studying graphs of bounded treewidth: To obtain efficient
algorithms for special cases of otherwise V NP -complete problems.
Definition 5.8. A graph G has cliquewidth at most k iff there exists a set of source
labels S of cardinality k such that G can be constructed using a finite number of the
following operations (named clique operations):
i) vera , a ∈ S (basic construct: create a single vertex with label a).
ii) ρa→b (H), a, b ∈ S (rename all vertices with label a to have label b instead).
iii) ηa,b (H), a, b ∈ S, a 6= b (add edges between all couples of vertices where one of
them has label a and the other has label b).
iv) H ⊕ H ′ (disjoint union of graphs).
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Figure 5.2: Constructing the clique of size 4 using 2 source labels

Example 5.9. Every clique has cliquewidth 2, since any clique can be constructed with
a finite number of clique operations using only 2 source labels. Here we show how the
clique of size 4 can be constructed using 2 source labels (also see Figure 5.2):
ηa,b (verb ⊕ ρb→a (ηa,b (verb ⊕ ρb→a (ηa,b (verb ⊕ vera )))))
It is shown in [25] that an undirected graph G of treewidth k has cliquewidth at
most 2k+1 + 1 (they prove a similar result for directed graphs). The bound was later
improved in [21]. A result in the other direction cannot be established since cliques have
cliquewidth 2, but can have arbitrarily high treewidth.
If we compare Definition 5.8 to Definition 5.4 we see that an important difference is
that in Definition 5.4 the operation used to add edges only adds a single edge at a time,
whereas the ηa,b operation in Definition 5.8 can add multiple edges at a time. As we shall
see later, this leads to a non-trivial way of defining cliquewidth for weighted graphs.
In [37] the authors showed that deciding if a graph has cliquewidth k is NP -complete,
and that the optimization version is not in complexity class AP X unless P = NP .
Related to cliquewidth are two similar notions of graph-width.
Definition 5.10 ([85]). A graph G has NLCwidth at most k iff there exists a set of
source labels S of cardinality k such that G can be constructed using a finite number of
the following operations (named NLC operations):
i) vera , a ∈ S (basic construct: create a single vertex with label a).
ii) ◦R (H) for any mapping R from S to S (for every source label a ∈ S rename all
vertices with label a to have label R(a) instead).
iii) H ×S H ′ for any S ⊆ S 2 (disjoint union of graphs to which is added edges
between all couples of vertices x ∈ H (with label lx ), y ∈ H ′ (with label ly ) having
(lx , ly ) ∈ S).
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One important distinction between cliquewidth, NLCwidth on one side and m-cliquewidth (defined below) on the other side is that in the first two each vertex is assigned
exactly one label, and in the last one each vertex is assigned a set of labels.
Definition 5.11 ([26]). A graph G has m-cliquewidth at most k iff there exists a set of
source labels S of cardinality k such that G can be constructed using a finite number of
the following operations (named m-clique operations):
i) verA (basic construct: create a single vertex with a set of labels A, A ⊆ S).
ii) H ⊗S,h,h′ H ′ for any S ⊆ S 2 and any h, h′ : P(S) → P(S) (disjoint union of
graphs to which is added edges between all couples of vertices x ∈ H, y ∈ H ′
whose sets of labels Lx , Ly contain a couple of labels lx , ly that is in (lx , ly ) ∈ S.
Then the labels of vertices from H are changed via h and the labels of vertices
from H ′ are changed via h′ ).
By combining results from [26] and [53] one can show that
m-cliquewidth(G) ≤ NLCwidth(G) ≤ cliquewidth(G) ≤ 2m-cliquewidth(G)+1 − 1.

(5.1)

Hence, cliquewidth, NLCwidth and m-cliquewidth are equivalent with respect to boundedness (unlike cliquewidth compared to treewidth, and treewidth compared to pathwidth). One reason for studying NLC-width and m-cliquewidth (instead of just studying
the “normal” cliquewidth) is a balancing result from [26] which shows that parse-trees
(by a parse-tree we mean the tree of clique operations constructing a given graph) for
graphs of bounded m-cliquewidth efficiently can be balanced.
We have seen that the definition of pathwidth and treewidth for weighted graphs
straight forward was defined as the width of the underlying, unweighted graph. This is
a major difference compared to cliquewidth. We can see that if we consider non-edges
as edges of weight 0 then every weighted graph has a clique (which has cliquewidth 2)
as its underlying, unweighted graph.
Our motivation for studying bounded cliquewidth matrices is to obtain efficient algorithms for evaluating polynomials like the permanent and hamiltonian for such matrices.
For this reason, it is not reasonable to define the cliquewidth of a weighted graph as
the cliquewidth of the underlying, unweighted graph, because then computing the permanent of a matrix of cliquewidth 2 is as difficult as the general case. Hence, we put
restrictions on how weights are assigned to edges: Edges added in the same operation
between vertices having the same pair of labels, will all have the same weight.
We now introduce the definitions of W -cliquewidth, W -NLCwidth and W -m-cliquewidth. We will consider simple, weighted, directed graphs where the weights are in some
set W of weights. In the three following constructions, a directed edge from a vertex x
to a vertex y is only added by relevant operations if there is not already an edge from x
to y. The operations that differ from the unweighted case are indicated by bold font.
Definition 5.12. A graph G has W -cliquewidth at most k iff there exists a set of source
labels S of cardinality k such that G can be constructed using a finite number of the
following operations (named W -clique operations):
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i) vera , a ∈ S (basic construct: create a single vertex with label a).
ii) ρa→b (H), a, b ∈ S (rename all vertices with label a to have label b instead).
w
iii) αa,b
(H), a, b ∈ S, a 6= b, w ∈ W (add missing edges of weight w from all vertices
with label a to all vertices with label b).

iv) H ⊕ H ′ (disjoint union of graphs).
Definition 5.13. A graph G has W -NLCwidth at most k iff there exists a set of source
labels S of cardinality k such that G can be constructed using a finite number of the
following operations (named W -NLC operations):
i) vera , a ∈ S (basic construct: create a single vertex with label a).
ii) ◦R (H) for any mapping R from S to S (for every source label a ∈ S rename all
vertices with label a to have label R(a) instead).
iii) H ×S H ′ for any partial function S : S 2 × {−1, 1} → W (disjoint union of graphs
to which is added missing edges of weight w for each couple of vertices x ∈ H,
y ∈ H ′ whose labels lx , ly are such that S(lx , ly , s) = w; the edge is from x to y if
s = 1 and from y to x if s = −1).
Definition 5.14. A graph G has W -m-cliquewidth at most k iff there exists a set of
source labels S of cardinality k such that G can be constructed using a finite number of
the following operations (named W -m-clique operations):
i) verA (basic construct: create a single vertex with set of labels A, A ⊆ S).
ii) H ⊗S,h,h′ H ′ for any partial function S : S 2 × {−1, 1} → W and any h, h′ :
P(S) → P(S) (disjoint union of graphs to which is added missing edges of weight
w for each couple of vertices x ∈ H, y ∈ H ′ whose sets of labels Lx , Ly contain
lx , ly such that S(lx , ly , s) = w; the edge is from x to y if s = 1 and from y to x if
s = −1. Then the labels of vertices from H are changed via h and the labels of
vertices from H ′ are changed via h′ ).
In the last operation for W -m-cliquewidth, there is a possibility that two (or more)
edges are added from a vertex x to a vertex y during the same operation and then the
obtained graph is not simple. For this reason, we will consider as well-formed terms only
the terms (or parse-trees) where this does not occur.
The three preceding constructions of graphs can be extended to weighted graphs with
w
loops by adding the basic constructs verloopw
a or verloopA which creates a single vertex
with a loop of weight w and label a or set of labels A. One can then easily show
that this does not affect the cliquewidth. We can then for weighted graphs establish a
result corresponding to (5.1) for unweighted graphs, by extending the proof ideas in [26]
and [53] with our definitions for weighted graphs.
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Theorem 5.15. For any weighted graph G,
W -m-cliquewidth(G) ≤ W -NLCwidth(G) ≤ W -cliquewidth(G) ≤ 2W -m-cliquewidth(G)+1 − 1.
Proof. First inequality:
Let G be a weighted graph of W -NLCwidth at most k and T be a parse-tree constructing G with W -NLC operations on a set of source labels S of cardinality k. We can
consider without loss of generality that in T :
- there are no two consecutive ◦R (H) operations, otherwise we can replace T by T ′
where the two consecutive nodes of T with ◦R (H) and ◦R′ (H) operations on them
have been replaced by one node ◦R′′ (H) where R′′ = R′ ◦ R.
- no vera operation is followed by a ◦R (H) operation, otherwise we can replace T
by T ′ where this two operations are replaced by verb where b = R(a).
- each H ×S H ′ operation is followed by exactly one ◦R (H) operation, otherwise
we can add an ◦Id (H) operation if there is none (Id is the identity function from
S to S).
We can replace the W -NLC operation vera by the W -m-clique operation ver{a} , and
the consecutives W -NLC operation H ×S H ′ and ◦R (H) by the W -m-clique operation
H ⊗S,h,h H ′ where h({a}) = {R(a)}, ∀a ∈ S. It is clear that these replacements in T will
give a parse-tree constructing G with W -m-clique operations on the same set of source
labels S of cardinality k. Hence, we have W -m-cliquewidth(G) ≤ W -NLCwidth(G).
Second inequality:
Let G be a weighted graph of W -cliquewidth at most k and T be a parse-tree constructing G with W -clique operations on a set of source labels S of cardinality k. We
can consider without loss of generality that in T :
- after a disjoint union operation H ⊕ H ′ all edges in G from x ∈ H to y ∈ H ′
(resp. from y to x) are added between the disjoint union operation H ⊕ H ′ and
the first following operation O of disjoint union or renaming. Otherwise consider
w
the first operation αa,b
(H) after O adding an edge between a vertex x′ from H
′
and a vertex y from H ′ . We can add an operation αaw′ ,b′ (H) before O where a′
(resp. b′ ) is the label in H ⊕ H ′ of the tail (resp. head) of the edge added by the
w
operation αa,b
(H).
w
- each operation αa,b
(H) add at least one edge.
w
- all αa,b
(H) operations are between a disjoint union operation H ⊕ H ′ and the
first following operation O of disjoint union or renaming.

We can replace the W -clique operation vera by the W -NLC operation vera , and the
W -clique operation ρa→b (H) by the W -NLC operation ◦R (H) where R(a) = b and
R(c) = c, ∀c ∈ S, c 6= a. Finally each group consisting of a H ⊕ H ′ W -clique operation
w
and the following αa,b
(H) W -clique operations can be replaced by the W -NLC operation
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w
G ×S G′ where S(a, b, 1) = S(a, b, −1) = w if there is an αa,b
(H) operation in the group.
It is clear that these replacements in T will give a parse-tree constructing G with W NLC operations on the same set of source labels S of cardinality k. Hence, we have
W -NLCwidth(G) ≤ W -cliquewidth(G).
Last inequality:
Let G be a weighted graph of W -m-cliquewidth at most k and T be a parse-tree
constructing G with W -m-clique operations on a set of source labels S of cardinality k.
Let S ′ be a set of source labels of cardinality 2k+1 − 1, S ′ = Sl ⊔ Sr ⊔ {empty} where
|Sl | = |Sr | = 2k − 1. We define three bijections l : P(S)\∅ → Sl , r : P(S)\∅ → Sr , and
u : Sl → Sr such that u(l(A)) = r(A), ∀A ∈ P(S). We will denote by ρf a sequence
of ρa→b W -clique operations realising a function f from S ′ to S ′ . We associate to each
w
w
function S : S 2 ×{−1, 1} → W a sequence αS consisting of αl(A),r(B)
(resp. αr(B),l(A)
) W2
2
clique operations for all couples (a, b) ∈ S , (A, B) ∈ (P(S)\∅) such that S(a, b, 1) = w
(resp. S(a, b, −1) = w), a ∈ A and b ∈ B.
We can replace the W -m-clique operation verA by the W -clique operation verl(A) if
A 6= ∅ and verempty otherwise. Each W -m-clique operation H ⊗S,h,h′ H ′ will be replaced
by the following W -clique operations:

- apply ρu to the subtree constructing H ′ ;
- make a H ⊕ H ′ W -clique operation;
- apply αS ;
- apply ρl◦h◦l−1 ;
- apply ρl◦h′ ◦r−1 .
It is clear that these replacements in T will give a parse-tree constructing G with
W -clique operations on the set of source labels S ′ of cardinality 2k+1 − 1. Hence, we
have W -cliquewidth(G) ≤ 2W -m-cliquewidth(G)+1 − 1.
To the best of the authors knowledge there have in the literature been no other
formal definition of bounded cliquewidth for weighted graphs. Theorem 5.15 and its
equivalence with the unweighted result (5.1) justifies Definitions 5.12, 5.13 and 5.14 of
bounded cliquewidth for weighted graphs.
With respect to bipartite adjacency graphs (see Definition 2.24) we have the following
result:
Lemma 5.16. If G has W -cliquewidth k then BA(G) has W -cliquewidth at most 2 · k.
Proof. Let T be a parse-tree constructing G with W -clique operations on a set of source
labels S of cardinality k. We can replace the W -clique operation vera by the three
operations (vera+ ) ⊕ (vera− ), and the W -clique operation ρa→b (H) by the W -clique
w
(H) W -clique operation can be
operations ρa+ →b+ (H) and ρa− →b− (H). Finally each αa,b
replaced by the ηaw+ ,b− (H) W -clique operation. It is clear that these replacements in T
will give a parse-tree constructing BA(G) with W -clique operations on the set of source
labels {a+ , a− |a ∈ S} of cardinality 2 · k.
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5.2 Special cases of permanents, hamiltonians and
perfect matchings
We now turn to the main results of this section. We study the expressive power of permanent polynomials, hamiltonian polynomials and sum of weights of perfect matchings,
for matrices that have bounded treewidth, bounded pathwidth or bounded cliquewidth.
In addition to this we also study the expressive power of perfect matchings of planar
graphs.

5.2.1 Bounded treewidth matrices
In [24] it is shown that the permanent and hamiltonian polynomials are in V P for matrices of bounded treewidth. Here we show that both the permanent and hamiltonian
polynomials for matrices of bounded treewidth are equivalent to arithmetic formulas.
This is an improvement on the result of [24] since the set of polynomial families representable by polynomial size arithmetic formulas is a (probably strict) subset of V P . In
Section 5.2.2 we further improve these results but with a worse blowup in size for some
of the projections (yet still polynomial).
Theorem 5.17. Let (fn ) be a family of polynomials with coefficients in a field K. The
three following properties are equivalent:
- (fn ) can be represented by a family of polynomial size arithmetic formulas.
- There exists a family (Mn ) of polynomial size, bounded treewidth matrices such that
the entries of Mn are constants from K or variables of fn , and fn = per(Mn ).
- There exists a family (Mn ) of polynomial size, bounded treewidth matrices such that
the entries of Mn are constants from K or variables of fn , and fn = ham(Mn ).
- There exists a family (Mn ) of polynomial size, bounded treewidth matrices such that
the entries of Mn are constants from K or variables of fn , and fn = SP M(Mn ).
Remark 5.18. By the V NP -completeness of the hamiltonian, if we drop the bounded
treewidth assumption on Mn we capture exactly the V NP families instead of the families
represented by polynomial size arithmetic formulas. The same property holds true for
the permanent if the characteristic of K is different from 2.
Theorem 5.17 follows from Theorems 5.19, 5.20, 5.24, 5.25, 5.26 and 5.27.
Theorem 5.19. Every arithmetic formula can be expressed as the permanent of a matrix
of treewidth at most 2 and size at most (n+1)×(n+1) where n is the size of the formula.
All entries in the matrix are either 0, 1, or variables of the formula.
Proof. The first step is to construct a directed graph that is a special case of a seriesparallel (SP) graph, in which there is a connection between weights of directed paths and
the value computed by the formula. The overall idea behind the construction is quite
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standard, see e.g. [16] and [66]. SP graphs in general can between any two adjacent
vertices have multiple directed edges. But we construct an SP graph in which there is at
most one directed edge from any vertex u to any vertex v. This property will be needed
in the second step, in which a connection between cycle covers and the permanent of a
given matrix will be established.
SP graphs have distinguished source and sink vertices, denoted by s and t. By SW (G)
we denote the sum of weights of all directed paths from s to t, where the weight of a
path is the product of weights of participating edges.
Let ϕ be a formula of size e. For the first step of the proof we will by induction over
e construct a weighted, directed SP graph G such that val(ϕ) = SW (G). For the base
case ϕ = w we construct vertices s and t and connect them by a directed edge from s
to t with weight w.
Assume ϕ = ϕ1 + ϕ2 and let Gi be the graph associated with ϕi by the induction
hypothesis. Introduce one new vertex s and let G be the union of the three graphs
h{s}i, G1 and G2 in which we identify t1 with t2 and denote it t, add an edge of weight
1 from s to s1 , and add an edge of weight 1 from s to s2 . By induction hypothesis the
resulting graph G satisfies SW (G) = 1 · SW (G1) + 1 · SW (G2 ) = val(ϕ1 ) + val(ϕ2 ).
Between any two vertices u and v there is at most one directed edge from u to v. We
introduced one new vertex, but since t1 was identified with t2 the number of vertices
used equals |V1 | + |V2 | ≤ size(ϕ1 ) + 1 + size(ϕ2 ) + 1 = size(ϕ) + 1.
Assume ϕ = ϕ1 ∗ ϕ2 . We construct G by making the disjoint union of G1 and G2
in which we identify t1 with s2 , identify s1 as s in G and identify t2 as t in G. For
every directed path from s1 to t1 in G1 and for every directed path from s2 to t2 in
G2 we can find a directed path from s to t in G of weight equal to the product of the
weights of the paths in G1 and G2 , and since all (s, t) paths in G are of this type we
get SW (G) = SW (G1) · SW (G2 ). The number of vertices used equals |V1 | + |V2 | − 1 ≤
size(ϕ1 ) + size(ϕ2 ) + 1 < size(ϕ) + 1.
For the second step of the proof we need to construct a graph G′ such that there is a
relation between cycle covers in G′ and directed paths from s to t in G. We construct
G′ by adding an edge of weight 1 from t back to s, and loops of weight 1 at all vertices
different from s and t. Now, for every (s, t) path in G we can find a cycle in G′ visiting
the corresponding nodes. For nodes in G′ not in this cycle, we include them in a cycle
cover by the loops of weight 1. Because there is at most one directed edge from any
vertex u to any vertex v in G′ we can find a matrix M of size at most (n + 1) × (n + 1)
such that GM = G′ and per(M) = val(ϕ).
The graph G′ can be constructed using an HR algebra with only 3 source labels, and
thus have treewidth at most 2. For the base case the operation edgeab is sufficient. For the
simulation of addition of formulas the following grammar operations provide the desired
construction: rena↔c (f orga (edgeac // (loopa // G1 )) // f orga (edgeac // (loopa // G2 ))).
For simulating multiplication of formulas we use the following grammar operations:
f orgc(renb↔c (G1 ) // rena↔c (loopa // G2 )). Finally, the last step in obtaining G′ is to
make a composition with the graph edgeab .
Theorem 5.20. Every arithmetic formula of size n can be expressed as the hamiltonian
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Figure 5.3: Universality of the hamiltonian polynomial

of a matrix of treewidth at most 6 and size at most (2 · n + 1) × (2 · n + 1). All entries
in the matrix are either 0, 1, or variables of the formula.
Proof. The first step is to produce the graph G as shown in Theorem 5.19. The next step
is to show that the proof of universality for the hamiltonian polynomial in [65] can be
done with treewidth at most 6. Their construction for universality of the hamiltonian
polynomial introduces |VG | − 1 new vertices to G in order to produce G′ , along with
appropriate directed edges (all of weight 1). The proof is sketched in Figure 5.3.
The additional vertices ti and edges permit to visit any subset of vertices of G with
a directed path of weight 1 from t to s using all ti ’s. Hence, any path from s to t in G
can be followed by a path from t to s to obtain a hamiltonian cycle of same weight.
If one just need to show universality, then it is not important exactly which one of the
vertices ti that has an edge to a given vertex among si . But in order to show bounded
treewidth one carefully need to take into account which one of the vertices of ti that has
an edge to a particular si vertex. We show such a construction with bounded treewidth,
by giving an HR algebra which can express a graph similar to the one in Figure 5.3 using
7 source labels. Series composition is done using these operations (also see Figure 5.4):
f orge (f orgf (f orgg (
rend↔f (renb↔e (G1 )) //
renc↔g (rena↔e (G2 )) //
edgeef // edgeeg // edgef g )))

Figure 5.4: Series composition (simulating multiplication)
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Figure 5.5: Parallel composition (simulating addition)

Labels a, b, c and d in Figures 5.4 and 5.5 plays the roles of s, t, t1 and tn respectively
in Figure 5.3.
The above construction does not take into account, that G1 and/or G2 are graphs
generated from the base case. For base cases vertices c and d are replaced by a single
vertex. However, it is clear that the above construction can be modified to work for
these simpler cases as well.
For parallel composition an additional vertex was introduced. It can be done using
the following operations (also see Figure 5.5):
f orge (f orgf (f orgg (
rena↔e (renc↔g (
f orga(f orgc (edgeag // edgecg // rend↔f (edgeae // edgeac // G1 ))) //
f orga(f orgc (edgeaf // edgecf // edgeae // edgeac // G2 ))
))
)))
The final step in the construction, after all series and parallel composition have been
done, is to connect vertices a and c and connect vertices b and d.
The decision version of the hamiltonian cycle problem for graphs of bounded cliquewidth is shown to be polynomial time solvable in [35]. Though bounded treewidth
implies bounded cliquewidth [25] we are mainly interested in studying the evaluation
version. Evaluation of the hamiltonian and permanent polynomials was shown in [24] to
be in V P for matrices of bounded treewidth. They give efficients algorithms for a much
broader class of problems, but the proof we give here is more direct and gives a more
precise characterization.
By Definition 2.22 computing the permanent of a matrix M amounts to computing
the sum of the weights of all cycle covers of GM . In our algorithm we need to consider
partial covers, which are generalizations of cycle covers.
Definition 5.21. A partial cover of a directed graph is a union of paths and cycles such
that every vertex of the graph belongs to at most one path (and to none of the cycles),
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or to at most one cycle (and to none of the paths). The weight of a partial cover is the
product of the weights of all participating edges. More generally, for any set S of edges
the weight w(S) of S is defined as the product of the weights of the elements of S.
In contrast to cycle covers, for a partial cover there is no requirement that all vertices
are covered.
The following theorem from [11] is a standard tool in the design of parallel algorithms
for graphs of bounded treewidth (see also [15] and [62]).
Theorem 5.22. Let G = hV, Ei be a graph of treewidth k with n vertices. Then there
exists a tree-decomposition hT, (Xt )t∈VT i of G of width 3 · k + 2 such that T = hVT , ET i
is a binary tree of depth at most 2 · ⌈log 5 (2 · n)⌉.
4

We also need the following standard lemma:
Lemma 5.23. Let ϕ be a circuit of depth d. Then there exists a formula of depth d and
size O(2d) representing the same polynomial.
Proof. We construct the formula from the circuit by duplicating entire subcircuits whenever we reuse a gate. The formula constructed in this way also has height d. In the
produced formula the number of gates having distance j to the root is at most twice
the
of gates having distance j − 1 to the root, so the formula has at most
Pd number
i
d
i=0 2 = 2 · 2 − 1 gates.

Theorem 5.24. The permanent of a n × n matrix M of bounded treewidth k can be
expressed as a formula of size O(nO(1) ).

Proof. We show how to construct a circuit of depth O(log(n)), which can then be expressed as a formula of size O(nO(1) ) using Lemma 5.23. Consider the graph G = GM
and apply Theorem 5.22 to obtain a balanced, binary tree-decomposition T of bounded
width k ′ . For each node t of T , we denote by Tt the subtree of T rooted at t, and we
denote by X(Tt ) the set of vertices of G which belong to Xu for at least one of the nodes
u of Tt . We denote by Gt the subgraph of G induced by the subset of vertices X(Tt ).
Consider a partial cover C of Gt . Any given edge (u, v) ∈ Xt2 is either used or unused
by C. Likewise, any given vertex of Xt has indegree 0 or 1 in C, and outdegree 0 or 1.
We denote by λt = It (C) the list of all these data for every edge (u, v) ∈ Xt2 and every
element of Xt . By abuse of language, we will say that an edge in Xt2 is used by λt if it
is used by one partial cover satisfying It (C) = λt (or equivalently, by all partial cover
satisfying It (C) = λt ).
We will compute for each possible list λt a weight w(λt ), defined as the sum of the
weights of all partial covers C of Gt satisfying the following three properties:
i) the two endpoints of all paths of C belong to Xt ;
ii) all uncovered vertices belong to Xt ;
iii) It (C) = λt .
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Note that the number of weights to be computed at each node of T is bounded by a
constant (which depends on k ′ ). When t is the root of T we can easily compute the
permanent of M from the weights w(λt ): it is equal to the sums of the w(λt ) over all λt
which assign indegree 1 and outdegree 1 to all vertices of Xt . Also, when t is a leaf of
T we can compute the weights in a constant number of arithmetic operations since Gt
has at most k ′ vertices in this case. It therefore remains to explain how to compute the
weights w(λt ) when t is not a leaf.
Our algorithm for this proceeds in a bottom-up manner: we will compute the weights
for t from the weights already computed for its left child (denoted l) and its right child
(denoted r). The idea is that we can obtain a partial cover of Gt by taking the union
of a partial cover of Gl and of a partial cover of Gr , and adding some additional edges.
Conversely, a partial cover of Gt induces a partial cover of Gl and a partial cover of
Gr . In order to avoid counting many times the same partial cover, we must define the
considered partial covers of Gl and Gr to ensure that the partial cover of Gt induces a
unique partial cover of Gl and a unique partial cover of Gr . We will say that (λl , λr ) is
compatible with λt if and only if the following holds:
- no edge in Xt2 is used in λl or λr ;
- for every vertex x ∈ Xt at most one of λl , λr assigns indegree 1 to x;
- for every vertex x ∈ Xt at most one of λl , λr assigns outdegree 1 to x;
- for every vertex x ∈ Xt if λl or λr assigns indegree 1 to x then λt assigns indegree
1 to x and no edge entering x is used by λt ;
- for every vertex x ∈ Xt if λl or λr assigns outdegree 1 to x then λt assigns outdegree
1 to x and no edge leaving x is used by λt ;
- every vertex x ∈ Xl \Xt has indegree 1 and outdegree 1 in λl ;
- every vertex x ∈ Xr \Xt has indegree 1 and outdegree 1 in λr .
We now have to prove two things. If there is a partial cover C of Gt which satisfies the
properties i) and ii) such that It (C) = λt then it induces a partial cover Cl of Gl and a
partial cover Cr of Gr such that Cl and Cr satisfy i) and ii), Il (C) = λl , Ir (C) = λr , and
(λl , λr ) is compatible with λt . Conversely, if (λl , λr ) is compatible with λt , and Cl and
Cr are partial covers of Gl and Gr satisfying i), ii), Il (C) = λl , and Ir (C) = λr , then
there exists a unique partial cover C of Gt containing Cl and Cr such that It (C) = λt .
Consider a partial cover C of Gt which satisfies the properties i) and ii) defined above.
We can assign to C a unique triple (Cl , Cr , S) defined as follows. First, we define S as
the set of edges of C ∩ Xt2 . Then we define Cl as the set of edges of C which have their
two endpoints in X(Tl ), and at least one of them outside of Xt . Finally, we define Cr
as the set of edges of C which have their two endpoints in X(Tr ), and at least one of
them outside of Xt . Note that w(C) = w(Cl ) · w(Cr ) · w(S) since (Cl , Cr , S) forms a
partition of the edges of C. Moreover, Cl is a partial cover of Gl and properties i) and
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ii) are satisfied: the endpoints of the paths of Cl and the uncovered vertices of X(Tl ) all
belong to Xl ∩ Xt . Likewise, Cr is a partial cover of X(Tr ) and properties i) and ii) are
satisfied. If Il (C) = λl and Ir (C) = λr , it is clear that (λl , λr ) is compatible with λt .
Any other partition of C in three parts with one partial cover of Gl , one partial cover
of Gr , and a subset of edges in Xt2 would have an edge of Xt2 used by Cl or Cr . Hence
(λl , λr ) would not be compatible with λt .
Suppose now (λl , λr ) is compatible with λt , and Cl and Cr are partial covers of Gl
and Gr satisfying i), ii), Il (C) = λl , and Ir (C) = λr . We define Sλt as the set of edges
of Xt2 which are used by λt . It is clear that Sλt , Cl and Cr are disjoint. Consider
C = Sλt ∪ Cl ∪ Cr . Since (λl , λr ) is compatible with λt , C is a partial cover satisfying i)
and ii). It is also clear that C is the only partial cover containing Cl and Cr such that
It (C) = λt . This leads to the formula:
X
w(λt ) =
w(λl ) · w(λr ) · w(Sλt ).
(λl ,λr )

The sum runs over all pairs (λl , λr ) that are compatible with λt . The weight w(λt ) can
therefore be computed in a constant number of arithmetic operations. Since the height
of T is O(log(n)) the above algorithm can be executed on a circuit of height O(log(n))
as well, which then can be expressed as a polynomial size formula by Lemma 5.23.
Theorem 5.25. The hamiltonian of a n × n matrix M of bounded treewidth k can be
expressed as a formula of size O(nO(1) ).
Proof. The proof is very similar to that of Theorem 5.24. The only difference is that we
only consider partial cycle covers consisting exclusively of paths, and at the root of T the
partial cycle covers of the two children must be combined into a hamiltonian cycle.
Theorem 5.26. Every arithmetic formula can be expressed as SP M(G) where the graph
G has treewidth at most 5 and size at most 2 · (n + 1) × 2 · (n + 1) and n is the size of
the formula. All weights of G are either 0, 1, or variables of the formula.
Proof. Combine Theorem 5.19 with Lemma 5.7.
Theorem 5.27. SP M(G) of a graph G of bounded treewidth k can be expressed as a
formula of size O(nO(1) ).
Proof. The overall idea from Theorem 5.24 can be adapted to show this result as well.
Instead of keeping track of partial covers of a directed graph we must keep track of
partial perfect matchings of an undirected graph.

5.2.2 Bounded pathwidth matrices
In this section we study the expressive power of permanents, hamiltonians and perfect
matchings for matrices of bounded pathwidth. We will prove that in each case we
capture exactly the families of polynomial computed by polynomial size skew circuits of
bounded width. A by-product of these proofs will be a proof of the equivalence between
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polynomial size skew circuits of bounded width and polynomial size weakly skew circuits
of bounded width (this equivalence cannot be immediately deduced from the already
known equivalence between polynomial size skew circuits and polynomial size weakly
skew circuits in the unbounded width case [79]). Finally we prove that skew circuits
of bounded width are equivalent to arithmetic formulas, thus improving the result we
showed in Theorem 5.19.
Adding all this up we establish the following result in this section:
Theorem 5.28. Let (fn ) be a family of polynomials with coefficients in a field K. The
three following properties are equivalent:
i) (fn ) can be represented by a family of polynomial size arithmetic formulas.
ii) (fn ) can be represented by a family of polynomial size skew circuits of bounded
width.
iii) (fn ) can be represented by a family of polynomial size weakly skew circuits of
bounded width.
iv) There exists a family (Mn ) of polynomial size, bounded pathwidth matrices such
that the entries of Mn are constants from K or variables of fn , and fn = per(Mn ).
v) There exists a family (Mn ) of polynomial size, bounded pathwidth matrices such
that the entries of Mn are constants from K or variables of fn , and fn = ham(Mn ).
vi) There exists a family (Mn ) of polynomial size, bounded pathwidth matrices such that
the entries of Mn are constants from K or variables of fn , and fn = SP M(Mn ).
Proof. Theorem 5.30 shows that iii) implies iv), in Remark 5.31 it is described how that
idea can be extended to show that iii) implies v), and in Theorem 5.32 we show that
iii) implies vi). Theorems 5.33, 5.34 and 5.35 resp. shows that v), vi) and iv) implies
ii). The equivalence between ii) and iii) is shown in Corollary 5.36, and the equivalence
between i) and ii) is shown in Theorem 5.39.
Definition 5.29. An arithmetic circuit ϕ has width k ≥ 1 if there exists a finite set of
totally ordered layers such that:
- Each gate of ϕ is contained in exactly 1 layer.
- Each layer contains at most k gates.
- For every non-input gate of ϕ if that gate is in some layer n, then both inputs to
it are in layer n + 1.
Theorem 5.30. The polynomial computed by a weakly skew circuit of bounded width
can be expressed as the permanent of a matrix of bounded pathwidth. The size of the
matrix is polynomial in the size of the circuit. All entries in the matrix are either 0, 1,
constants of the polynomial, or variables of the polynomial.
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Proof. Let ϕ be a weakly skew circuit of bounded width k ≥ 1 and l > 1 the number of
layers in ϕ. The graph G we construct will have pathwidth at most ⌊ 7·k
⌋ − 1 (each bag
2
in the path-decomposition will contain at most ⌊ 7·k
⌋
vertices)
and
the
number
of bags
2
in the path-decomposition will be l − 1. G will have two distinguished vertices s and t,
and the sum of weights of directed paths from s to t equals the value computed by ϕ.
Since ϕ is a weakly skew circuit we consider a decomposition of it into disjoint subcircuits defined recursively as follows: The root of ϕ belongs to the main subcircuit. If
a gate in the main subcircuit is an addition gate, then both of its input gates are in
the main subcircuit as well. If a gate g in the main subcircuit is a multiplication gate,
then we know that at least one input to g is the root of a subcircuit which is disjoint
from ϕ except for its connection to g. This subcircuit forms a disjoint multiplicationinput subcircuit. The other input to g belongs to the main subcircuit. If some disjoint
multiplication-input subcircuit ϕ′ contains at least one multiplication gate, then we
make a decomposition of ϕ′ recursively. Note that such a decomposition of a weakly
skew circuit not necessarily is unique (nor does it need to be), because both inputs to a
multiplication gate can be disjoint from the rest of the circuit, and any one of these two
can be chosen as the one that belongs to the main subcircuit.
For the construction of G we process the decomposition of ϕ in a bottom-up manner.
Let subcircuit ϕi be a leaf in the decomposition of ϕ (so ϕi consists solely of addition
gates and input gates). Assume that ϕi are in located in layers topi through boti (1 ≥
topi ≥ boti ≥ l) of ϕ. First we add a vertex si to G in bag boti − 1, and for each input
gate in the bottom layer boti of ϕi we add a vertex to G also in bag boti − 1 along with
an equivalent weighted edge from si to that vertex. Let n range from boti − 1 to topi :
Add the already created vertex si to bag n − 1 and handle input gates of ϕi in layer n
as previously described. For each addition gate of ϕi in layer n we add a new vertex to
G (which is added to bags n and n − 1 of the path-decomposition of G). In bag n we
already have two vertices that represent inputs to this addition gate, so we add edges
of weight 1 from both of these to the newly added vertex. The vertex representing the
root of the circuit ϕi is denoted by ti . The sum of weights of directed paths from si to
ti equals the value computed by the subcircuit ϕi .
Let ϕi be a subcircuit in the decomposition of ϕ that contains multiplication gates.
Addition gates and input gates in ϕi are handled as before. Let g be a multiplication
gate in ϕi in layer n and ϕj the disjoint multiplication-input subcircuit that is one of
the inputs to g. We know that vertices sj and tj already are in bag n, so we add an edge
of weight 1 from the vertex representing the other input to g to the vertex sj , and an
edge of weight 1 from tj to a newly created vertex vg that represents gate g, and then
vg are then added to bags n and n − 1.
For every b (1 ≥ b ≥ l − 1) we need to show that only a constant number of vertices
are added to bag b. Every gate in layer b of ϕ is represented by a vertex, and these
vertices may all be added to bag b. Every gate in layer b + 1 are also represented by a
vertex, and all of these may be added to bag b (because they are used as input here).
So far we have at most 2 · k gate vertices in bag b. In addition a number of si vertices
are also added to bag b. For each subcircuit ϕj that has a gate in layer b or b + 1, we
have the corresponding sj vertex in bag b, so what remains is to show that at most ⌊ 3·k
⌋
2
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disjoint subcircuits has a gate in layer b or b + 1. Each of these subcircuits are in exactly
one of the following 3 sets:
C1 : Subcircuits that have at least 1 gate in layer b, but none of these gates are multiplication gates.
C2 : Subcircuits that do have a multiplication gate in layer b.
C3 : Subcircuits that have their root in layer b + 1.
There are at most ⌊ k2 ⌋ subcircuits in the set C2 . Otherwise, since two inputs to a
multiplication gate are in different subcircuits and since subcircuits in C2 are disjoint
layer b + 1 would contain at least 2 · (⌊ k2 ⌋ + 1) gates and thus have width more than k.
By how subcircuits are constructed, all subcircuits in C3 are considered as the disjoint
multiplication-input subcircuit of distinct multiplication gates in layer b, so there are at
least |C3 | multiplication gates in layer b. Since subcircuits in C1 do not have multiplica⌋
tion gates in layer b we have that |C1 | + |C3| ≤ k. Thus, at most |C1 | + |C2| + |C3| ≤ ⌊ 3·k
2
distinct subcircuits have their si vertex added to bag b.
Note that in layer 1 of ϕ we just have the output gate. This gate is represented by
the vertex t of G which is in bag 1 of the path-decomposition.
The sum of weights of all directed paths from s to t in G can by induction be shown to
be equal to the value computed by ϕ. The final step in the reduction to the permanent
polynomial is to add an edge of weight 1 from t back to s and loops of weight 1 at all
nodes different from s and t.
Remark 5.31. The proof of Theorem 5.30 can be modified to work for the hamiltonian
polynomial as well. We adapt the idea used to show universality of the hamiltonian
polynomial in [65] (also see Figure 5.3). For the permanent polynomial each bag in the
⌋ vertices; for each of these vertices we now need
path-decomposition contains at most ⌊ 7·k
2
to introduce one extra vertex in the same bag. In addition each bag must contain 2 more
vertices in order to establish a connection to adjacent bags in the path-decomposition.
In total each bag now contains at most 7 · k + 2 vertices.
Theorem 5.32. The polynomial computed by a weakly skew circuit of bounded width
can be expressed as the sum of weights of perfect matchings of a symmetric matrix of
bounded pathwidth. The size of the matrix is polynomial in the size of the circuit. All
entries in the matrix are either 0, 1, constants of the polynomial, or variables of the
polynomial.
Proof. It is a direct consequence of Theorem 5.30 and Lemma 5.7.
The following three theorems are related to the other direction of our equivalence
results between bounded pathwidth matrices and bounded width skew circuits.
Theorem 5.33. The hamiltonian of a matrix of bounded pathwidth can be expressed as
a skew circuit of bounded width. The size of the circuit is polynomial in the size of the
matrix.
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Proof. Let M be a matrix of bounded pathwidth k and let GM be the underlying, directed graph. Each bag in the path-decomposition of GM contains at most k +1 vertices.
We refer to one end of the path-decomposition as the leaf of the path-decomposition
and the other as the root (recall that path-decompositions are special cases of treedecompositions).
We process the path-decomposition of GM from the leaf towards the root. The overall
idea is the same as the proof of Theorem 5.24 - namely to consider weighted partial path
covers (i.e. partial covers consisting solely of paths) of subgraphs of GM that are induced
by the path-decomposition of GM . During the processing of the path-decomposition of
GM at every level distinct from the root, new partial path covers are constructed by
taking one previously generated partial path cover and then add at most (k + 1)2 new
edges, so all the multiplication gates we have in our circuit are skew. For any bag in
the path-decomposition of GM we only need to consider a number of partial path covers
that depends solely on k, so the circuit we produce has bounded width. At the root we
add sets of edges to partial path covers to form hamiltonian cycles.
Theorem 5.34. The sum of weights of perfect matchings of a symmetric matrix of
bounded pathwidth can be expressed as a skew circuit of bounded width. The size of the
circuit is polynomial in the size of the matrix.
Proof. Apply the same technique is in the proof of Theorem 5.33.
Theorem 5.35. The permanent of a matrix of bounded pathwidth can be expressed as
a skew circuit of bounded width. The size of the circuit is polynomial in the size of the
matrix.
Proof. It is a direct consequence of Theorem 5.34 and Lemma 5.7.
Corollary 5.36. A family of polynomials is computable by polynomial size weakly skew
circuits of bounded width if and only if it is computable by polynomial size skew circuits
of bounded width.
Proof. One direction follows from the fact that all skew circuits also are weakly skew
circuits by definition. For the other direction, if a family of polynomials is computable
by polynomial size weakly skew circuits of bounded width, then by Theorem 5.30 it can
be expressed as the permanent of a family of polynomial size matrices of bounded pathwidth, which can be expressed as a family of polynomial size skew circuits of bounded
width due to Theorem 5.35.
The last results in this section is an improvement of Theorem 5.19. For this we need
to consider a certain kind of straight-line programs:
Definition 5.37. Let R1 , . . . , Rm be a set of m registers, a linear bijection straightline program is a vector of m initial values given to the registers plus a sequence of
instructions of the form
i) Rj ← Rj + (Ri × c), or
ii) Rj ← Rj − (Ri × c), or
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iii) Rj ← Rj + (Ri × xu ), or
iv) Rj ← Rj − (Ri × xu ),
where 1 ≤ i, j ≤ m, i 6= j, 1 ≤ u ≤ n, c is a constant, and x1 , . . . , xn are variables
(n is the number of variables). We suppose without loss of generality that the value
computed by the linear bijection straight-line program is the value in the first register
after all instructions have been executed.
We need the following theorem from [7] (which is a generalization of Barrington’s
result for boolean formulas [5]) to prove the equivalence between polynomial size skew
circuits of bounded width and polynomial size arithmetic formulas.
Theorem 5.38. Any arithmetic formula can be computed by a linear bijection straightline program of polynomial size that uses three registers.
Theorem 5.39. A family of polynomials is computed by polynomial size skew circuits
of bounded width if and only if it is a family of polynomial size arithmetic formulas.
Proof. Let (fn ) be a family of polynomials computed by polynomial size skew circuits
of bounded width. By Theorem 5.30 it can be expressed as the permanents of bounded
pathwidth graphs. Since graphs of bounded pathwith have bounded treewidth we know
by Theorem 5.24 that it can be computed by a family of polynomial size arithmetic
formulas.
Conversely, if (fn ) is a family of polynomial size arithmetic formulas, then by Theorem 5.38 it can be computed by linear bijection straight-line program of polynomial
size that uses three registers. We will modify these programs to obtain equivalent skew
circuits of width 6. At each step, the set of indices {i, j, k} will be equal to {1, 2, 3}.
Suppose the initial values of the three registers are r1 , r2 , r3 , then the first layer of our
skew circuit contains three input gates with values r1 , r2 , r3 , along with two others input
gates which will be defined according to the next instruction.
If the next instruction is Rj ← Rj + (Ri × U) where U is a variable or a constant, then
we assign the values 0 and U to the two input gates already defined in the current layer
l and we create a new layer l − 1 with three addition gates corresponding to Ri , Rj , Rk
whose inputs are the gate corresponding to Ri (resp. Rj , Rk ) in layer l and the input
gate with value 0 in layer l. We also put a multiplication gate whose inputs are the
gate corresponding to Ri and the input gate with value U in layer l. An input gate with
value 0 is also added in layer l − 1. Then we create a new layer l − 2 with three addition
gates corresponding to Ri , Rj , Rk whose inputs are the gate corresponding to Ri (resp.
Rj , Rk ) and the input with value 0 for i, k or the gate computing (Ri × U) for j in layer
l − 1. Finally we put two others input gates which will be defined according to the next
instruction.
If the next instruction is Rj ← Rj − (Ri × U), then we need to create one more layer
than in the first case. We first give the values 0 and U to the two input gates not already
defined in the current layer l and we create a new layer l − 1 with three addition gates
corresponding to Ri , Rj , Rk whose inputs are the gate corresponding to Ri (resp. Rj , Rk )
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in layer l and the input with value 0 in layer l. We also put a multiplication gate whose
inputs are the gate corresponding to Ri and the input with value U in layer l. And we
put again an input gate with value 0 and another one with value −1. Then we create an
intermediate new layer l − 2 with three addition gates corresponding to Ri , Rj , Rk whose
inputs are the gate corresponding to Ri (resp. Rj , Rk ) and the input with value 0. We
also put a multiplication gate whose inputs are the gate computing (Ri × U) and the
input gate with value −1 in layer l − 1. And we put again an input gate with value 0.
Finally we create a new layer l − 3 with three addition gates corresponding to Ri , Rj , Rk
whose inputs are the gate corresponding to Ri (resp. Rj , Rk ) and the input gate with
value 0 for i, k or the gate computing −(Ri × U) for j in layer l − 2. We also put two
others inputs which will be defined according to the next instruction.
In both cases, it is clear by induction that the three gates of the current layer corresponding to Ri , Rj , Rk are computing the values in these registers if we execute the
instructions treated so far. Hence the result.

5.2.3 Bounded cliquewidth matrices
In this section we study the expressive power of permanents, hamiltonians and perfect
matchings of matrices that have bounded weighted cliquewidth.
We first prove that every arithmetic formula can be expressed as the permanent,
hamiltonian, or sum of perfect matchings of a matrix of bounded W -cliquewidth using
the results for the bounded pathwidth matrices and the following lemma.
Lemma 5.40. Let G be a weighted graph (directed or not) with weights in W . If G has
pathwidth k then G has W -cliquewidth at most k + 2.
Proof. Let hT, (Xt )t∈VT i be a k-path-decomposition of G. We refer to one end of the
path-decomposition as the leaf of the path-decomposition and the other as the root. Let
Gt be the subgraph of G induced by the vertices in bags below Xt .
We prove by induction on the height of hT, (Xt )t∈VT i that every graph Gt can be
constructed by W -clique operations using at most k + 2 distinct labels. Moreover, at the
end of this construction all vertices in bag Xt have distinct labels and all other vertices
have a sink label.
If |VT | = 1 then G has at most k + 1 vertices. We can create these vertices with k + 1
distinct labels and add independently each edge between two vertices using W -clique
operations.
Suppose |VT | > 1, let r be the root and t be its child. By induction, Gt can be
constructed by W -clique operations using at most k + 2 distinct labels. For all vertex
v ∈ Xt \Xr , we add a renaming operation which gives sink label to v (this renaming
operation renames only v since, by induction, v has distinct label from other vertices).
Since |Xr | ≤ k + 1 and all vertices in VG \Xr have sink label we can create the vertices of
Xr \Xt with distinct labels and add them by disjoint union to the current construction. It
is now clear that all the vertices of Xr have distinct labels thus we can add independently
each edge between two vertices. Hence the conclusion.
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Theorem 5.41. Every arithmetic formula can be expressed as the permanent of a matrix
of W -cliquewidth at most 22 and size polynomial in n, where n is the size of the formula.
All entries in the matrix are either 0, 1, constants of the formula, or variables of the
formula.
Proof. Let ϕ be a formula of size n. Due to the proof of Theorem 5.39, we know that
it can be computed by a skew circuit of width 6 and size O(nO(1) ). Hence it is equal
to the permanent of a graph of size O(nO(1) ), pathwidth at most ⌊ 7·6
⌋ − 1 = 20 by
2
Theorem 5.30, and W -cliquewidth at most 20 + 2 = 22 by Lemma 5.40.
Theorem 5.42. Every arithmetic formula can be expressed as the hamiltonian of a
matrix of W -cliquewidth at most 45 and size polynomial in n, where n is the size of
the formula. All entries in the matrix are either 0, 1, or constants of the formula, or
variables of the formula.
Proof. Let ϕ be a formula of size n. Due to the proof of Theorem 5.39, we know that
it can be computed by a skew circuit of width 6 and size O(nO(1) ). Hence it is equal to
the hamiltonian of a graph of size O(nO(1) ), pathwidth at most 7 · 6 + 2 − 1 = 43 (see
Remark 5.31) and W -cliquewidth at most 43 + 2 = 45 by Lemma 5.40.
Theorem 5.43. Every arithmetic formula can be expressed as the sum of weights of
perfect matchings of a symmetric matrix of W -cliquewidth at most 44 and size polynomial
in n, where n is the size of the formula. All entries in the matrix are either 0, 1, constants
of the formula, or variables of the formula.
Proof. It is a direct consequence of Theorem 5.41 and Lemma 5.16.
Due to our restrictions on how weights are assigned in our definition of bounded W cliquewidth it is not clear if weighted graphs of bounded treewidth also have bounded
W -cliquewidth. In fact, if one tries to follow the proofs in [21, 25] that show that graphs
of bounded treewidth have bounded cliquewidth, then one obtains that a weighted graph
G of treewidth k has W -cliquewidth at most 3 · (|WG | + 1)k−1 where WG denotes the set
of weights on the edges of G.
Alternatively we can modify the constructions of bounded treewidth graphs expressing formulas in Theorems 5.19 and 5.20 to work for bounded W -cliquewidth as well.
These modifications require more work than the preceding proofs but we obtain smaller
constants.
We now turn to the upper bound on the complexity of the permanent, hamiltonian
and perfect matchings of graphs of bounded weighted cliquewidth. We show that in all
three cases the complexity is at most the complexity of V P .
The decision version of the hamiltonian cycle problem has been shown to be polynomial time solvable in [35] for matrices of bounded cliquewidth. Here we extend these
ideas in order to compute the hamiltonian polynomial efficiently (in V P ) for bounded
W -m-cliquewidth matrices.
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Definition 5.44. A path cover of a directed graph G is a subset of the edges of G, such
that these edges form disjoint, directed, non-cyclic paths in G. We require that every
vertex of G is in (exactly) one path. For technical reasons we allow “paths” of length 0,
by having paths that start and end in the same vertex. Such constructions do not have
the same interpretation as a loop. The weight of a path cover is the product of weights
of all participating edges (in the special case where there are no participating edges the
weight is defined to be 1).
Theorem 5.45. The hamiltonian of an n × n matrix of bounded W -m-cliquewidth can
be expressed as a circuit of size O(nO(1) ) and thus is in V P .
Proof. Let M be an n × n matrix of bounded W -m-cliquewidth. By G we denote the
underlying, directed, weighted graph for M. The circuit is constructed based on the
parse-tree T for G. By Tt we denote the subtree of T rooted at t for some node t ∈ T .
By Gt we denote the subgraph of G constructed from the parse-tree Tt .
The overall idea is to produce a circuit that computes the sum of weights of all
hamiltonian cycles of G. To obtain this there will for every t ∈ T be a number of
non-output gates that compute weights of path covers of Gt , and then we combine these
subresults. Of course, the total number of path covers can grow exponentially with the
size of Gt so we will not “describe” path covers directly by the edges participating in the
covers. Instead we describe a path cover of some Gt graph by the labels associated with
the start- and end-vertices of the paths in the cover. Such a description do not uniquely
describe a path cover, because two different path covers of the same graph can contain
the same number of paths and all these paths can have the same labels associated.
However, we do not need the weight of each individual path cover. If multiple path
covers of some graph Gt share the same description, then we just compute the sum of
weights of these path covers.
For a leaf in the parse-tree T of G we construct a single gate of constant weight 1,
representing a path cover consisting of a single “path” of length 0, starting and ending
in a vertex with the given labels. Per definition this path cover has weight 1.
For an internal node t ∈ T the grammar rule describes which edges to add and how
to relabel vertices. We obtain new path covers by considering a path cover from the left
child of t and a path cover from the right child of t: For each such pair of path covers
consider all subsets of edges added at node t, and for every subset of edges check if the
addition of these edges to the pair of path covers will result in a valid path cover. If it
does, then add a gate that computes the weight of this path cover, by multiplying the
weight of the left path cover, the weight of the right path cover and the total weight
of the newly added edges. After all pairs of path covers have been processed, check if
any of the resulting path covers have the same description - namely that the number
of paths in some path covers are the same, and that these paths have the same labels
for start- and end-vertices. If multiple path covers have the same description, then we
introduce addition gates in the circuit and produce a single gate which computes the
sum of weights of all path covers with this description.
For the root node r of T we combine path covers from the children of r to produce
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hamiltonian cycles, instead of path covers. Finally, the output of the circuit is a summation of all gates computing weights of hamiltonian cycles.
Proof of correctness: The first step of the proof is by induction over the height of the
parse-tree T . We will show that for each non-root node t of T there is for every path
cover description of Gt a corresponding gate in the circuit that computes the sum of
weights of all path covers of Gt with that description. For the base cases - leaves of T it is trivially true.
For the inductive step we consider two disjoint graphs that are being connected with
edges at a node t of the parse-tree T . Edges added at node t are only added in here,
and not at any other nodes in T , so every path cover of Gt can be split into 3 parts:
A path cover of Gtl , a path cover of Gtr and a polynomial number of edges added at
node t. Consider a path cover description along with all path covers of Gt that have
this description. All of these path covers can be split into 3 such parts, and by our
induction hypothesis the weights of the path covers of Gtl and Gtr are computed in
already constructed gates.
In order to complete the proof of correctness we have to handle the root t of T in a
special way. At the root we do not compute weights of path covers, but instead compute
weights of hamiltonian cycles. Every hamiltonian cycle of G can (similar to path covers)
be split into 3 parts: A path cover of Gtl , a path cover of Gtr and a polynomial number
of edges added at the root of T . By our induction hypothesis all the needed weights are
already computed.
The size of the circuit is polynomial in the size of the parse-tree T for G, since at each
step during the processing of the parse-tree T the number of path cover descriptions is
polynomially bounded once the W -m-cliquewidth is bounded.
Theorem 5.46. The sum of weights of perfect matchings of an n × n symmetric matrix
of bounded W -m-cliquewidth can be expressed as a circuit of size O(nO(1) ).
Proof. Let M be an n × n symmetric matrix of bounded W -NLCwidth (matrices of
bounded W -m-cliquewidth have bounded W -NLCwidth by Theorem 5.15). By G we
denote the underlying, undirected, weighted graph for M. The circuit is constructed
based on the parse-tree T for G. By Tt we denote the subtree of T rooted at t for some
node t ∈ T . By Gt we denote the subgraph of G constructed from the parse-tree Tt . Let
k be the W -NLCwidth of G. We assume without loss of generality that T is a parse-tree
on the set of labels {a1 , . . . , ak }.
The overall idea is the same as in the proof of Theorem 5.45: To produce a circuit that
computes the sum of weights of all perfect matchings of G. To obtain this there will be
non-output gates that compute weights of all matchings of all Gt graphs, and then we
combine these subresults. As in the previous proof the total number of matchings can
grow exponentially with the size of Gt so we will not “describe” matchings directly by the
edges participating in the covers. Instead we describe a matching of some Gt graph by
the labels associated to the uncovered vertices. More precisely, for each matching of Gt
and each label a we give the number of a-vertices which are not covered by the matching.
Such a description do not uniquely describe a matching, because two different matchings
of the same graph can have the same number of uncovered vertices which have the same
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labels associated. However, we do not need the weight of each individual matching. If
multiple matchings of some graph Gt share the same description, then we just compute
the sum of weights of these matchings. It is clear that the number of description needed
is at most nk .
For a leaf verai in the parse-tree T of G we construct a single terminal gate (by
a terminal gate we mean a gate with no parents in the circuit constructed so far) of
constant weight 1, representing an empty matching. The description associated with
this gate is ((a1 , 0), . . . , (ai−1 , 0), (ai, 1), (ai+1 , 0), . . . , (ak , 0)).
For an internal node t ∈ T with operation ◦R (H) we just need to change the description
of all terminal gates in the circuit contructed so far. More precisely, if the description
of a gate was ((a1 , n1 ), . . . , (ai , ni ), . . . , (ak , nk )) then it becomes
((a1 ,

X

aj ∈R−1 (a1 )

nj ), . . . , (ai ,

X

aj ∈R−1 (ai )

nj ), . . . , (ak ,

X

nj )).

aj ∈R−1 (ak )

For an internal node t ∈ T with operation H ×S H ′ the grammar rule describes
which edges to add between two disjoint graphs. We first create multiplication gates
using the values of each couple of terminal gates corresponding to the left child l of
t and the right child r of t. There are at most n2·k such gates. To each gate, we
associate a left and a right description corresponding to the vertices from l and r. These
multiplication gates are the new terminal gates. We consider the following total ordering
a1 < a2 < · · · < ak of the labels and the corresponding lexicographic order on the couples
(ai , aj ). We will assume that the edges added via S are added by blocks corresponding
to a couple (ai , aj ) (all edges in the same block are added at the same time) and that
the blocks of edges are added sequentially in lexicographic order. Thus we have at
most k 2 steps of adding edges to consider. Suppose S(ai , aj ) = wij . For the step
corresponding to (ai , aj ) we obtain new matchings by considering each terminal gate g0 .
Let ((a1 , n1 ), . . . , (ai , ni ), . . . , (ak , nk )) and ((a1 , n′1 ), . . . , (aj , n′j ), . . . , (ak , n′k )) be the left
and right description of g0 . Let nmin = min{ni , n′j }. For all matching corresponding to
 ′
g0 and all p between 0 and nmin we can obtain npi · npj matchings by adding p edges of
weight wij between p vertices among ni of Gl and p vertices among n′j of Gr . Hence, for
 ′
all p 6= 0 we add a multiplication gate with inputs g0 and the constant npi · npj · (wij )p .
This new gate gp has left and right description ((a1 , n1 ), . . . , (ai , ni −p), . . . , (ak , nk )) and
((a1 , n′1 ), . . . , (aj , n′j − p), . . . , (ak , n′k )). There are at most 2 · n2·k+1 such new gates since
p < n. Finally we make an addition tree computing the addition of the gates gp which
have the same left and right description. Each such tree needs at most O((2·k+2)·log(n))
new gates and there are at most 2 · n2·k trees. The outputs of these trees are the new
terminal gates. When all the k 2 steps of adding edges are done we update the description
of each terminal gate reflecting which edges were added, then we put an addition tree
computing the sum of the terminal gates which have the same description. The outputs
of these trees are the new terminal gates.
Finally, we obtain the output of the circuit at the root node r of T : It is the output
of the terminal gate with description ((a1 , 0), . . . , (ai , 0), . . . , (ak , 0)).
Proof of correctness: The first step of the proof is by induction over the height of
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the parse-tree T . We will show that for each node t of T there is for every matching
description of Gt a corresponding gate in the circuit that computes the sum of weights of
all matchings of Gt with that description. For the base cases - leaves of T - it is trivially
true.
For the inductive step we consider two disjoint graphs that are being connected with
edges at a node t of the parse-tree T . Edges added at node t are only added in here, and
not at any other nodes in T , so every matching of Gt can be split into 3 parts: A matching
of Gtl , a matching of Gtr and a polynomial number of edges added at node t. Consider
a matching description along with all matchings of Gt that have this description. All
of these matchings can be split into 3 such parts, and by our induction hypothesis the
weights of the path covers of Gtl and Gtr are computed in already constructed gates.
The number of new gates added for each operation H ×S H ′ is at most O(k 2 · n2·k+1).
Since the number of these operations is at most n, we obtain a circuit of polynomial
size.
Theorem 5.47. The permanent of an n × n matrix of bounded W -m-cliquewidth can be
expressed as a circuit of size O(nO(1) ) and thus is in V P .
Proof. It is a direct consequence of Theorem 5.46 and Lemma 5.16.

5.2.4 Planar graphs
In 1967 Kasteleyn showed in [57] that SP M(G) can be computed efficiently if G is
planar. His observations was that for planar graphs SP M(G) can be expressed as a
special kind of Pfaffian. For general non-planar graphs computing SP M(G) is V NP complete (in the discrete setting counting the number of perfect matchings in a bipartite
graph is #P -complete [82], whereas deciding if a perfect matching exists is in P [51]).
This follows from the fact that the permanent of a matrix M is equal to SP M(BA(GM )).
Theorem 5.48. Let (fn ) be a family of polynomials with coefficients in a field K. The
three following properties are equivalent:
i) (fn ) can be computed by a family of polynomial size weakly skew circuits.
ii) (fn ) can be computed by a family of polynomial size skew circuits.
iii) There exists a family (Gn ) of polynomial size planar graphs with edges weighted by
constants from K or variables of fn such that fn = SP M(Gn ).
The equivalence of i) and ii) is etablished in [66] and [79]. In [66] the complexity
class V DET is defined as the class of polynomial families computed by polynomial size
(weakly) skew circuits, and it is shown that the determinant is V DET -complete. We
have therefore shown that computing SP M(G) for a planar graph G is equivalent to
computing the determinant. Previously it was known that computing SP M(G) could
be reduced to computing Pfaffians [57] and thus is in V P . The equivalence of iii) with
i) and ii) follows immediately from Theorem 5.49 and Theorem 5.51.
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Figure 5.6: Planar crossover widget for skew circuits

Theorem 5.49. The output of every skew circuit of size n can be expressed as SP M(G)
where G is a weighted, planar, bipartite graph with O(n2) vertices. The weight of each
edge of G is equal to 1, to -1, or to an input variable of the circuit.
Proof. Let ϕ be a skew circuit; that is, for each multiplication gate at least one of the
inputs is an input gate of ϕ (without loss of generality we assume it is exactly one).
Furthermore, by making at most a linear amount of duplication we can assume all input
gates have outdegree 1. Thus, every input gate of ϕ is either input to exactly one
addition gate or input to exactly one multiplication gate (ignoring the trivial special
case where ϕ only consist of a single gate), and throughout the proof we will distinguish
between these two types of input gates.
Consider a drawing of ϕ in which all input gates which are input to an addition gate,
are placed on a straight line, and all other gates are drawn on the same side of that
line. Assume all arrows in the circuit are drawn as straight lines. This implies at most a
quadratic number of places where two arrows cross each other in the plane. By using the
planar crossover widget from Figure 5.6 we replace these crossings by planar subgraphs,
introducing at most a quadratic amount of extra gates.
For each multiplication gate we have that exactly one of the input gates is an input
gate of ϕ, so these input gates can be placed arbitrarily close to the multiplication gate
in which they are used. Thus we obtain a planar skew circuit ϕ′ computing the same
value as ϕ.
Consider a topological ordering of the gates in ϕ′ in which input gates that are input
to multiplication gates have numbers less than 1, and input gates that are input to
addition gates have the numbers 1 through i (where i is the number of input gates that
are input to addition gates). Let m be the number of the output gate in this topological
ordering of ϕ′ . Steps 1 through i in the construction of G are shown in Figure 5.7. Edge
weight xi denote the input value of the gate with topological number i in ϕ′ .
For each step i < m′ ≤ m an addition or multiplication gate are handled as shown
in Figure 5.8. White vertices indicate vertices that are already present in the graph,
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Figure 5.7: Initialization of input gates which are input to addition gates

whereas black vertices indicate new vertices that are introduced during that step. For
multiplications the edge weight w denote the value of the input gate of ϕ′ , which is input
to that multiplication gate. Finally, the output gate of ϕ′ is handled in a special way.
Correctness can be shown by induction using the following observation. For each step
1 ≤ m′ < m in the construction of G the following properties will hold for the graph
generated so far: The labels ♯1, ♯2, . . . , ♯m′ have been assigned to m′ distinct vertices.
For all 1 ≤ j ≤ m′ if the vertex with label ♯j is removed (along with all adjacent edges),
then SP M of the remaining graph equals the value computed at gate with topological
number j in ϕ′ . It is clear that the graph produced during the initialization (Figure 5.7)
has this property. For the remaining vertices in the topological ordering we either have
to simulate an addition gate (♯c = ♯a+ ♯b) or a multiplication gate (♯c = ♯a· w). For each
new labeled vertex added in this way we can see that it simulates the corresponding gate
correctly, without affecting the simulation done by other labeled vertices in the graph.
Bipartiteness of G can be shown by putting the vertex labeled s as well as vertices
labeled ♯i, 1 ≤ i ≤ m, on one side of the partition, and all other vertices on the other
side of the partition.
Remark 5.50. The theorem can be proven for weakly skew circuits as well without
the result from [79] stating that weakly skew circuits are equivalent to skew circuits.

Figure 5.8: i) Non-output addition ii) Non-output multiplication iii) Output addition
iv) Output multiplication
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Consider the graph G\{s, t}. One can show that this graph has a single perfect matching
of weight 1. For simulation of a multiplication gate, instead of adding a single edge of
weight w, one can add an entire subcircuit constructed in the above manner.
Theorem 5.51. For any weighted, planar graph G with n vertices, SP M(G) can be
expressed as the output of a skew circuit of size O(nO(1) ). Inputs to the skew circuit are
either constants or weights of the edges of G.
Proof. The result will be established by computation of Pfaffians and is shown by combining results from [57] and [63].
−
→
Let H be a weighted graph and H an oriented version of H. Then the Pfaffian is
defined as:
X
−
→
P f (H ) =
sign(M) · w(M),
M

−
→
where M ranges over all perfect matchings of H . The Pfaffian depends on how the
−
→
edges of H are oriented, since the sign of a perfect matching depends on this orientation
(details on how the sign depends on the orientation are not needed for this proof).
It is known from Kasteleyn’s work [57] that all planar graphs have a Pfaffian orientation of the edges (and that such an orientation can be found in polynomial time).
A Pfaffian orientation is an orientation of the edges such that each term in the above
sum has positive sign, sign(M). So for planar graphs computing SP M(G) reduces to
computing Pfaffians (which can be done in polynomial time).
A Pfaffian orientation of G does not depend on the weights of the edges, it only depends
on the planar layout of G. In our reduction to a skew circuit we can therefore assume
−
→
that a Pfaffian orientation G is given along with G, thus the problem of computing
−
→
SP M(G) by a skew circuit is reduced to computing P f ( G ) by a skew circuit.
−
→
From Theorem 12 in [63] we have that P f ( G ) can be expressed as SW (G′ ) where G′
is a weighted, acyclic, directed graph with distinguished source and sink vertices denoted
s and t (recall SW (G′ ) from Theorem 5.19). The size of G′ is polynomial in the size
−
→
of G .
The last step is to reduce G′ to a polynomial size skew circuit representing the same
polynomial. Consider a topological ordering of the vertices of G′ . The vertex s is
replaced by an input gate with value 1. For a vertex v of indegree 1, assume u is the
vertex such that there is a directed edge from u to v in G′ , and assume the weight of
this edge is w. We then replace v by a multiplication gate, where one arrow leading to
this gate comes from the subcircuit representing u, and the other arrow leading to this
gate comes from a new input gate with value w. Vertices of indegree d > 1 are replaced
by a series of d − 1 addition gates, adding weights of all paths leading here, similar to
what is done for vertices of indegree 1.
The circuit produced in this way clearly represent the same polynomial, and it is a
skew circuit because for every multiplication gate at least one of the arrows leading to
that gate comes from an input gate.
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5.3 Concluding remarks
The notions of bounded treewidth and bounded cliquewidth is related to the research
area of fixed-parameter complexity. This is another approach to deal with NP -hard decision and optimization problems, where one makes assumptions about a certain parameter
of the instance being small. For many graph problems the treewidth (or cliquewidth)
is considered to be this parameter. For book-length treatments of the research area of
fixed-parameter complexity see [33, 44].
In [39] the authors study various counting problems for input that have bounded
treewidth or bounded cliquewidth. In their conclusion they write the following:
It remains a challenge to find direct proofs for simpler splitting formulas, say,
for counting perfect matchings, hamiltonian cycles or various colourings.
Their questions related perfect matchings and hamiltonian cycles for matrices of bounded
treewidth is a part of what we have studied in this report.
In our definition of bounded weighted cliquewidth we made restrictions on how weights
on the edges were allowed to be assigned. Our motivation for this restriction was that
we want to be able to obtain polynomial time algorithms for special cases of otherwise
V NP -complete families of polynomials. In the unweigted case bounded treewidth implies bounded cliquewidth, but Laurent Lyaudet and Ioan Todinca claim they have a
proof showing a family of weighted graphs that has bounded treewidth and unbounded
weighted cliquewidth.
Kasteleyn’s algorithm for computing the sum of weights of perfect matchings in planar
graphs was also applied in [84] where the authors by means of holographic reductions
obtained polynomial time algorithms for several problems, which previously only had
exponential time algorithms.
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6.1 Approximation issues
We have managed to establish complete problems for both NP OR , AP XR and P T ASR
in this report, and a natural extension of these results would be to show natural complete
problems for the classes AP XR and P T ASR (we consider the problems we have shown
to be NP OR -complete as being fairly natural). One reason for our lack of progress in
this direction is that we only have very few positive results regarding membership in
AP XR and P T ASR . The lack of results regarding membership in AP XR may be related
to the fact that we in general cannot compute feasible solutions in the BSS model (we
can only decide if they exist).
In [61] the authors study the complexity of discrete optimization problems in terms of
the number of NP -queries needed to compute the measure of the optimal solutions to a
given instance. They introduce the notion of metric-reductions, which are weaker than
AP-reductions since metric-reductions only require a connection between the measure of
optimal solutions to the instances (the measure preserving reductions in this report are
a special case of metric-reductions). Under this notion of reducibility in the real setting
we can show completeness results for MAX QPS (see Example 4.18) and the following
problem:
Example 6.1. The MAX DIMENSION problem is defined as:
Input: n ∈ N, a semi-algebraic set S ⊆ Rn given as a first order quantifier free formula;
Feasible Solution: d ∈ N, d ≤ n, y ∈ Rp(n) that shows S has dimension at least d
(see [58]);
Measure: d.
In the discrete setting it is the rule rather than the exception that an NP -hard optimization problem is NP O-complete under metric-reducibility [47]. This means that for
most NP -hard optimization problems one NP -query is needed for each bit you want to
compute of the optimal measure (of course, unless P = NP ).
The above mentioned results deal with global optimal solutions. A related area is
the complexity of computing local optimal solutions. In the discrete setting this was
first studied in [54] where the complexity class P LS (polynomial time local search) was
introduced along with the notion of P LS-reductions and P LS-completeness. It would
be interesting to study whether this concept of completeness makes sense in the real
number setting as well. However, certain aspects of the definitions would of course have
to change in the real number setting: Instead of studying the complexity of computing
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a local optimal solution one would probably study the complexity of deciding if a given
feasible solution is locally optimal.

6.2 Logical characterization
In [69] the authors show that a simple logical characterization of a maximization problem in NP O is sufficient to prove membership in AP X. We do not know if something
similar holds for the corresponding real number classes MAX-Σ0,R and MAX-Σ1,R introduced in this report. Possibly one could start by showing that membership in one of
those classes is sufficient to prove membership in log-AP XR (membership in poly-AP XR
follows trivially because of polynomial boundedness). It is a possibility that MAX-Σ0,R
or MAX-Σ1,R contain problems which cannot be approximated unless PR 6= NPR , as
it is the case for MIN-Σ0,R [43]. In order to construct approximation algorithms for
problems in class MAX-Σ0,R one would probably require the set of feasible solutions S
to be Rk . Otherwise we can have problems in MAX-Σ0,R for which it is NPR -complete
to decide if the set of feasible solutions is non-empty. A first step in this direction would
be to show if MAX QPS is in class AP XR or not, since MAX QPS has a simple logical
characterization and is in class MAX-Σ0,R .
In this report the notion of bounded treewidth was only studied in relation to the
evaluation of certain families of polynomials (Section 5). In [24] the authors apply
the notions of treewidth and cliquewidth to obtain efficient algorithms for a class of
discrete counting problems that have a simple logical characterization. For our class of
optimization problems it may in a similar way be possible to compute (or approximate)
the optimal measure efficiently when the problem has a simple logical characterization
and bounded treewidth.

6.3 Evaluation problems
With respect to the results in Section 5 we still need to close the gap for the expressive
power of matrices of bounded weighted cliquewidth. Our best lower bound is that
they can express formulas, but the upper bound on the amount of ressources needed
to evaluate such polynomials is that they are in V P . It would be interesting to find
families of polynomials that capture exactly the complexity classes V DET or V P , and
our study of bounded weighted cliquewidth is a candidate.
For bounded width circuits it also remains to study the expressive power of multiplicatively disjoint circuits (a class of circuits which in the unbounded width case captures
exactly V P , see e.g. [66]) of bounded width and formulas of bounded width.
Another special case of the permanent and hamiltonian polynomials is when the matrix
has bounded rank. In [6] it was shown how to compute both the permanent and the
hamiltonian polynomials efficiently when the rank is bounded. We do not know yet if
this method of evaluation is universal, nor do we have any complexity theoretical results
about it. An extensive study of this method of evaluation remains to be done.
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Abstract in Danish
Indenfor teoretisk datalogi er forskningsområderne beregningsteori og kompleksitetsteori
særdeles vigtige. Beregningsteori er det ældste af de to forskningsområder og drejer sig
om studiet af hvilke problemer, man kan løse på en computer - simple eksempler på
sådanne problemer er eksempelvis at sortere en adressebog, at omregne fra kilometer
til mil, at beregne gennemsnitlige månedlige udgifter, samt at finde den korteste vej fra
Skagen til København. Det vil måske lyde overraskende, at dette forskningsområde er
næsten 100 år gammelt, især når man tager i betragtning, at det vi i dag kender som
en “computer”, ikke eksisterede dengang. Ikke desto mindre kom et historisk bidrag til
dette forskningsområde fra den britiske matematiker og filosof Alan Turing allerede i
1936. Dengang var en “computer” en person, hvis arbejde var at lave lange, ensformige
beregninger i hånden, idet de ikke havde lommeregnere til at gøre dette arbejde for dem.
Inspireret af hvad disse “computers” lavede, opfandt Turing det matematiske koncept
“beregningsmaskiner” og gav en beskrivelse af hvordan sådanne beregningsmaskiner
virker. Og ikke nok med at han beskrev, hvad sådanne beregningsmaskiner er, han
beviste også, at der findes problemer indenfor teoretisk datalogi, som disse maskiner
aldrig vil kunne løse! Det lyder måske underligt hvorfor et teoretisk koncept (der endda
har sine begrænsninger) fra 1936 er vigtigt, men det der er så fantastisk ved Turings
beregningsmaskiner, er hvor præcist de beskriver, hvad moderne computere basalt set
er i stand til at beregne. Selvom moderne computere hele tiden bliver hurtigere, får
mere hukommelse og bedre grafik, så passer Turings beskrivelse af beregningsmaskiner
stadig fint på, hvad de i princippet kan beregne - og moderne computere har stadig de
begrænsninger, som Turing viste allerede tilbage i 1936!
Relateret til forskningsområdet beregningsteori finder man kompleksitetsteori, et område der kun er få årtier gammelt. Indenfor dette område fokuserer man udelukkende på
de problemer, der kan løses på en computer. Men det har vist sig, at bare fordi et problem
i teorien kan løses på en computer, så betyder det ikke nødvendigvis at det i praksis kan
løses på en computer. Betragt eksempelvis det (såvel ulovlige som immoralske - men
ignorér dette et øjeblik) problem at bryde ind i en anden person email - dette er “bare”
et spørgsmål om at gætte det rigtige kodeord. Man kan nemt sætte en computer til
at afprøve samtlige mulige kodeord, indtil den finder det rigtige, så i teorien kan dette
problem løses på en computer. Men i praksis vil et godt valgt kodeord ikke blive fundet
i din levetid på grund af det astronomiske antal forskellige kodeord, som skal afprøves,
så det virker overdrevet at påstå, at dette problem kan løses på en computer. Mange
interessante problemer i den virkelige verden samt indenfor teoretisk datalogi har den
uheldige egenskab, at det åbenbart tager så lang tid at løse dem, at vi ikke kan forvente
at finde den bedste (nogle gange den eneste) løsning indenfor overskuelig tid. Og det
er, hvad kompleksitetsteori drejer sig om - at finde ud af hvilke problemer vi kan løse i
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praksis (de nemme problemer), og hvilke vi ikke kan (de svære problemer). Eksempler på
nemme problemer er de tidligere omtalte problemer: Sortering af data, omregning mellem
enheder, beregning af gennemsnitlige udgifter, samt at finde korteste rute mellem to byer.
Svære problemer er eksempelvis skemalægning for skoler, beregning af de mindste antal
lastbiler krævet for at køre et antal kasser fra én fabrik til en anden, samt at beregne
den hurtigste måde for et postbud at tømme samtlige postkasser i Odense, inden posten
returneres til det centrale posthus. Det første bevis på et problem, som tilsyneladende
er svært at løse, blev lavet af Stephen Cook i 1971, og vigtigheden af dette resultat
blev understreget allerede det efterfølgende år, hvor resultatet blev brugt til at vise, at
mange andre problemer også er svære at løse. Det største ubesvarede spørgsmål indenfor
teoretisk datalogi er, hvorvidt der virkelig er en forskel mellem lette og svære problemer
- mange forskere tror, at der er en sådan forskel, men indtil videre har ingen været i
stand til formelt at bevise det 1 .
Turings beskrivelse af beregningsmaskiner fra 1936 er en såkaldt beregningsmodel, da
det er en model af “en slags maskine”, der kan “beregne noget”. Selvom Turings beregningsmodel klart er den vigtigste indenfor teoretisk datalogi, så er det ikke den eneste.
Både dataloger og matematikere har opfundet mange andre beregningsmodeller, hver af
dem med forskelligt fokus på hvad beregning er og/eller hvilken maskine, der foretager
selve beregningen. Men - måske lidt overraskende - også forskere fra områder som fysik,
biologi og kemi er kommet på andre beregningsmodeller. Et eksempel på en alternativ
beregningsmodel er kvantecomputeren, der af og til får lidt omtale i medierne. Selvom
en brugbar kvantecomputer endnu ikke er bygget 2 , så har den teoretiske model for en
kvantecomputer været kendt siden 1982, hvor den blev beskrevet af fysikeren Richard
Feynman. To andre eksempler på alternative beregningsmodeller kommer fra den gren
af matematik, som kaldes algebra. En af disse beregningsmodeller blev udviklet af matematikerne Lenore Blum, Michael Shub og Steve Smale i 1989 og er nu kendt som
BSS-modellen. Grunden til at de introducerede en ny beregningsmodel var, at Turings
beregningsmaskiner basalt set ikke er velegnede til at studere visse aspekter af matematiske problemer. Den anden beregningsmodel blev udviklet i 1979 af matematikeren
Leslie Valiant og er nu kendt som Valiants model. Valiants grund til at introducere en ny
beregningsmodel var også, at Turings beregningsmodel ikke passede til hans forskning.
Selvom både BSS-modellen og Valiants model benyttes til at studere kompleksiteten af
matematiske problemer, så gør de det fra vidt forskellige vinkler. Det er vigtigt at være
opmærksom på, at grunden til at man indfører nye beregningsmodeller ikke er, at man
vil finde den “bedste” model, men at man ønsker at give præcise beskrivelser af sine
forskningsresultater.
Denne ph.d.-afhandling handler om matematiske problemer, som vi analyserer i relation til BSS-modellen og Valiants model. Vi studerer adskillige matematiske problemer,
og gør dette hovedsageligt fra et kompleksitetsteoretisk synspunkt - det vil sige, vores
1
2

Hvis du finder ud af det, så har Clay Mathematics Institute en præmie på 1 million dollars til dig.
Et firma kaldet D-Wave Systems (www.dwavesys.com) har planer om at sælge brugbare kvantecomputere i 2008 - en plan, som er blevet modtaget med nogen skepsis.
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fokus er på at skille lette matematiske problemer fra svære matematiske problemer.
Men klassifikationen af et problem som enten et let problem eller et svært problem er en
meget grov klassificering, så i denne ph.d.-afhandling vil vi uddybe denne klassificering og
søge at besvare spørgsmål i stil med “præcis hvor let/svært er problemet vi betragter?”.
Overordnet set studerer vi to grupper af matematiske problemer: Optimeringsproblemer og evalueringsproblemer. Optimeringsproblemer drejer sig om at finde den bedst
mulige løsning iblandt en stor mængde løsningsforslag - eksempelvis den korteste tur for
det føromtalte postbud i Odense, som skal tømme samtlige postkasser i byen. Evalueringsproblemer drejer sig typisk om, at beregne værdien af et matematisk udtryk i et
givent punkt.
Kapitel 3 handler om approksimationsalgoritmer for svære optimeringsproblemer. For
svære optimeringsproblemer må man nogle gange tage til takke med en løsning, der ikke
nødvendigvis er den bedste - men hvis bare den fundne løsning er “god nok”, så er det
ofte tilstrækkeligt. Dette er hvad vi forsøger at opnå med approksimationsalgoritmer at hurtigt finde gode løsninger til svære problemer, samtidig med at vi kan garantere,
hvor mange procent den fundne løsning i værste fald er dårligere end den bedste løsning.
For nogle optimeringsproblemer kan vi dog vise, at de har den uheldige egenskab, at det
er lige så svært at finde en brugbar løsning med garanti for kvaliteten, som det er at
finde den bedste løsning til problemet.
Optimeringsproblemer bliver også betragtet i kapitel 4, men i det kapitel har vi et andet syn på, hvilke optimeringsproblemer der er lette, og hvilke der er svære. Vi benytter
os af logik til at karakterisere problemerne, og viser at nogle optimeringsproblemer har
en simpel logisk karakterisering, mens andre optimeringsproblemer har en kompliceret
logisk karakterisering. En del af kapitlet bruges på at forklare, hvorledes optimeringsproblemer og logik kædes sammen, samt hvilke anvendelser dette har.
Kapitel 5 drejer sig om evalueringsproblemer. Vi tager udgangspunkt i nogle svære evalueringsproblemer (matematiske udtryk hvor det generelt tager lang tid, at beregne deres
værdi i et givent punkt), og ligger nogle naturlige begrænsninger på disse problemer,
hvorefter man nemt kan beregne værdien af disse matematiske udtryk i ethvert punkt. I
kapitel 3 håndterede vi svære problemer ved hurtigt at finde en tilstrækkelig god (men
ikke nødvendigvis den bedste) løsning til problemerne. I kapitel 5 håndterer vi svære
problemer på en lidt anden måde: Svaret vi hurtigt regner os frem til er altid korrekt,
men til gengæld virker metoden kun, når visse betingelser er opfyldt.
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